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a b s t r a c t

We present a new multiple criteria sorting approach that uses characteristic profiles for defining the
classes and outranking relation as the preference model, similarly to the Electre Tri-C method. We
reformulate the conditions for the worst and best class assignments of Electre Tri-C to increase
comprehensibility of the method and interpretability of the results it delivers. Then, we present a
disaggregation procedure for inferring the set of outranking models compatible with the given
preference information, and use the set in deriving, for each decision alternative, the necessary and
possible assignments. Furthermore, we introduce simplified assignment procedures and prove that they
maintain a no class jumps-property in the possible assignments. Application of the proposed approach is
demonstrated by classifying 40 land zones in 4 classes representing different risk levels.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In the multiple criteria sorting problem (also called ordinal
classification), decision alternatives are assigned to one or more
homogeneous classes based on their evaluations on multiple
attributes. The classes considered here are ordered and pre-
defined, which means that they, unlike clusters [1], do not result
from the analysis. For example, the submitted papers need to be
assigned to categories reject, weak reject, weak accept, or accept,
and employees may be acknowledged for their performance with
a low, medium or high bonus. Indeed, sorting is an important
decision problem in fields such as finance [2,3] and environmental
risk assessment and management [4–6].

In this paper we consider multi-criteria sorting problems
applying the non-compensatory outranking preference model
(for some recent advances and applications of outranking-based
approaches see [7–11]). The most well-known among such meth-
ods is Electre Tri-B [12] that employs boundary profiles for
modeling the frontiers between two consecutive classes. However,
in some decision situations the frontiers between the classes have
no objective existence because the separation between the con-
secutive classes can be conceived in several ways. In Electre Tri-C
[13] the alternatives are not compared against the class

boundaries, but rather with characteristic profiles that are formed
from the representative attribute values for each class. For each
decision alternative, Electre Tri-C results in an assignment in form
of an interval of classes. The aim of the current paper is to make
Electre Tri-C more usable in real-life analyses by introducing the
following four advances.

First of all, we reformulate the two Electre Tri-C assignment
procedures whose outcomes delimit a resulting interval of classes
for each alternative. Depending on the results of a comparison of
an alternative with the characteristic profiles, the order of classes
indicated by the descending and ascending assignment rules may
vary. That is, with some outranking models the ascending rule
may indicate an assignment to a better class than the descending
rule, whereas with other models the order can be reversed. While
respecting the assumptions and providing the same results as
Electre Tri-C, the reformulated assignment procedures indicate the
lower and upper classes unambiguously. Discovering the precise
conditions for the extreme class assignments is important for two
reasons. First, it increases the transparency of the method. Second,
the reformulated procedures support the explanation of the
results in natural language, thus increasing the comprehensibility
of the sorting recommendation.

The second aim of the paper is to introduce a disaggregation
procedure for inferring the parameters for the preference model
used in Electre Tri-C. As in other sorting methods that apply the
outranking preference model, it is not realistic to assume that the
Decision Maker (DM) can provide exact values for all the para-
meters. Some of them can be defined by the DM fairly easily
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(comparison thresholds, class profiles) [12], but others (criteria
weights and the majority threshold) are harder to elicit [14–16].
Although Electre Tri-C has been found appropriate for the context
of real-world problems in project management [17], environmen-
tal modeling and assessment [18,19], tourism [20], and medical
diagnosis [21], most of these studies report problems settings with
precise values for the inter-criteria model parameters (for discus-
sion on eliciting precise values for the weights and the majority
threshold in Electre Tri-C, see, respectively, [21] and [17]).

We generalize the disaggregation procedure to account for
imprecise assignment examples. In this way, we provide the first
disaggregation approach for outranking-based sorting methods
that admits specification of interval assignments. This increases
the flexibility of the preference elicitation process by allowing
preference statements reflecting hesitation with respect to the
desired assignment (e.g., “a should be assigned to class medium or
good”) as well as these concerning classes excluded from the set of
desired assignments (e.g., “b should not be assigned to class bad”).
The main challenge in designing a disaggregation procedure for
Electre Tri-C is that its assignment rules indicate an interval of
classes. Due to this imprecision the conditions for assigning an
alternative a to a certain interval of classes ½CLDM ;CRDM �, LDMrRDM ,
cannot be derived directly from the respective sorting rules.
Instead, one must guarantee that a is assigned neither to a class
worse than CLDM nor better than CRDM .

Our procedures infer a set of Electre Tri-C models from assign-
ment examples. To avoid an arbitrary definition or selection of a
single model for the final classification, the third aim of the paper
involves the adaptation of the Robust Ordinal Regression (ROR)
methodology [16,22–25] to outranking-based multiple criteria
sorting. By exploiting the whole set of compatible Electre Tri-C
models, we compute the necessary and possible assignments for
each alternative, that is, assignments that hold for all or at least
one compatible model, respectively. The necessary and possible
assignments are computed through Mixed-Integer Linear Pro-
gramming (MILP).

Using the proposed approach, the DM can initially introduce
only a few representative reference alternatives that she considers
appropriate to be assigned to some classes. Then, we allow the
progressive incorporation of preference information in the context
of an outranking model assumed by Electre Tri-C, which makes it
easier to associate each assignment example individually with
changes in the necessary and possible assignments. Analysis of
these results may stimulate the DM to interactively specify
possibly imprecise assignment examples. Such interaction can be
particularly useful for constructive preference learning [22]. Let us
note that in the recent Electre Tri-nC method [26] each class may
be also defined with several characteristic profiles. Contrary to our
proposal, Electre Tri-nC requires the profiles to be provided at
once, and employs them within a standard aggregation procedure
for computing the alternatives' final assignments.

The fourth aim of this paper is to introduce revised, simpler
versions of Electre Tri-C assignment procedures, called Electre Tri-
rC. The results obtained with the revised procedures differ from
those of Electre Tri-C only in very specific problem instances. The
new procedures have significant implications for the ROR
approach because the space of compatible outranking models is
now convex. Consequently, we are able to prove a no class jumps-
property for the possible assignments computed with the revised
procedures, leading to easier interpretation of its results. Let us
emphasize that this desirable property does not hold for the
possible assignments obtained with a set of Electre Tri-B models
(see [27]).

We continue by introducing the outranking preference model
in Section 2 and rest of the Electre Tri-C method in Section 3.
Section 4 presents the disaggregation approach for Electre Tri-C,

procedures for computing the necessary and possible assignments,
and the reformulated assignment procedures. Section 5 introduces
Electre Tri-rC, and adapts the previous formulations to the revised
assignment procedures. Section 6 describes a decision aiding
process for the proposed approach. Section 7 demonstrates the
use of the approach by analyzing an example. Section 8 concludes.

2. The outranking preference model

We use the following notation:

� A¼ fa1; a2;…; ai;…g – a set of decision alternatives.
� F ¼ fg1;…; gj;…; gng – a consistent family of n criteria, gj : A-R;

we assume, without loss of generality, that all criteria are
maximized, i.e. the attractiveness increases with the criterion
performance increase.

� C1;…;Ch;…;Ct with tZ2 – a set of pre-defined completely
ordered (from the worst to the best) classes so that Chþ1 is
preferred to Ch, h¼ 1;…; t�1; each class is defined with a
characteristic profile1 bh.� AR ¼ fan

1; a
n

2;…g – a finite set of reference alternatives on which
the DM accepts to express preferences. We assume that ARDA.

The binary outranking relation corresponding to the statement
“at least as good as” is denoted by xSy, and its negation by xScy.
The outranking preference model applies pseudo-criteria [28] that
models per-criterion attractiveness with indifference (qj(x)) and
preference (pj(x)) thresholds defined either as affine functions or
constant values so that if

jgjðxÞ�gjðyÞjrqjðxÞ; x is indifferent to y; denoted xIjy;

gjðxÞ�gjðyÞZpjðxÞ; x is strictly preferred to y; denoted xPjy;

qjogjðxÞ�gjðyÞopjðxÞ; x is weakly preferred to y; denoted xQjy:

ð1Þ
A set of importance coefficients (weights) wjZ0, j¼ 1;…;n, is
associated with the set of criteria. Without loss of generality, we
assume that ∑n

j ¼ 1wj ¼ 1. Computing the outranking relation for a
pair ðx; yÞ involves the computation of a comprehensive concor-
dance index cðx; yÞ, which represents the strength of the coalition
of criteria being in favor of xSy:

cðx; yÞ ¼ ∑
n

j ¼ 1
cjðx; yÞ ¼ ∑

n

j ¼ 1
wj � φjðx; yÞ; ð2Þ

where

φjðx; yÞ ¼
0 if gjðyÞ�gjðxÞZpjðxÞ;
1 if gjðyÞ�gjðxÞrqjðxÞ;
½pjðxÞ�ðgjðyÞ�gjðxÞÞ�=½pjðxÞ�qjðxÞ� if qjðxÞogjðyÞ�gjðxÞopjðxÞ:

8><
>:

ð3Þ
Veto thresholds vj(x) such that vjðxÞZpjðxÞ, can be used to

model the effect that an alternative cannot be at least as good as
another if it has too low performance in even one of the attributes,
i.e., the criterion “vetoes” against the outranking. When these are
used, the outranking computation needs to take into account
additionally the discordance indices djðx; yÞ:

djðx; yÞ ¼
1 if gjðyÞ�gjðxÞZvjðxÞ;
0 if gjðyÞ�gjðxÞovjðxÞ:

(
ð4Þ

1 In [13] the bh, h¼ 1;…; t�1, are called characteristic reference alternatives,
but to avoid confusing them with the reference alternatives AR for which the DM
provides assignment examples, we call them characteristic profiles.
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Finally, let σðx; yÞ denote the credibility of the comprehensive
outranking of x over y:

σðx; yÞ ¼ cðx; yÞ ∏
n

j ¼ 1
ð1�djðx; yÞÞ: ð5Þ

Thus, σðx; yÞ is equal to cðx; yÞ if 8gjAF there is no discordance (i.e.,
djðx; yÞ ¼ 0) or discordance is not taken into account. Otherwise
there is at least one criterion gjAF for which djðx; yÞ ¼ 1 )
σðx; yÞ ¼ 0. Note that σðx; yÞA ½0;1�. We assume that an outranking
relation xSy holds if σðx; yÞZλA ½0:5;1�, where λ is a majority
threshold. S can be used also for representing weak (Q) and strict
(P) preference, indifference (�), and incomparability (R) as fol-
lows:

xSy4yScx ⟺ xQy3xPy ⟺ xgy; where g ¼ fQ [ Pg;
xSy4ySx ⟺ x� y;

xScy4yScx ⟺ xRy:

3. Electre Tri-C

Electre Tri-C is a sorting method for decision aiding contexts
where each class Ch is defined through a characteristic profile bh
[13]. Let B¼ fb0; b1;…; bh;…; bt ; btþ1g denote the set of ðtþ2Þ
characteristic profiles. The two extreme profiles b0 and btþ1 have
the worst and the best evaluations on all criteria, respectively (i.e.,
gjðb0ÞogjðaÞogjðbtþ1Þ for all aAA and gjAF). Moreover, 8gjAF ,
gjðb1Þ4gjðb0Þ and gjðbtþ1Þ4gjðbtÞ. Furthermore, the characteristic
profiles need to adhere to the following conditions:

� bh needs to dominate bh�1, h¼ 1;…; tþ1, i.e. for h¼ 1;…;

t�1, it holds that

8gjAF; gjðbhþ1ÞZgjðbhÞ; and
(gjAF : gjðbhþ1Þ4gjðbhÞ; ð6Þ

� bh does not outrank bhþ1, h¼ 1;…; t�1, which follows from
the assignment of any characteristic profile bh to class Ch by
the underlying assignment rules (see [13]), i.e.,

σðbh; bhþ1Þoλ; h¼ 1;…; t�1: ð7Þ

Electre Tri-C applies the descending and ascending assignment
rules to indicate the lower and upper classes, respectively, to
which an alternative could be assigned for a particular outranking
model.

Definition 1. The descending rule compares a successively to bh,
for h¼ tþ1;…;0, for a particular majority threshold λ, seeking for
the first characteristic profile bh, such that σða; bhÞZλ, i.e.,

(a) If h¼ t, select Ct as a possible class to assign alternative a.
(b) If 0ohot: if σðbh; aÞ4σða; bhþ1Þ, then select Ch as a possible

class to assign a; otherwise, select Chþ1.
(c) If h¼ 0, select C1 as a possible class to assign a.

Definition 2. The ascending rule compares a successively to bh, for
h¼ 1;…; tþ1, seeking for the first characteristic profile bh, such
that σðbh; aÞZλ, i.e.,

(a) If h¼ 1, select C1 as a possible class to assign alternative a.
(b) If 1oho ðtþ1Þ: if σða; bhÞ4σðbh�1; aÞ, then select Ch as a

possible class to assign a; otherwise, select Ch�1.
(c) If h¼ ðtþ1Þ, select Ct as a possible class to assign a.

Example 3.1. Consider a set of eleven alternatives A¼
faI ; aII ;…; aXIg and five classes fC1;C2;C3;C4;C5g that are defined
with characteristic profiles B¼ fb0; b1; b2; b3; b4; b5; b6g, and a par-
ticular outranking preference model S. The credibility indices of
the comprehensive outranking of the alternatives over character-
istic profiles σðai; bhÞ, and vice-versa σðbh; aiÞ, for aiAA and bhAB,
are presented in Table 1. The chosen majority threshold λ is equal
to 0.70. Table 1 contains also the relations (g ; � ; ! , or R) for all
pairs of alternatives and profiles ðai; bhÞ, as well as the classes
selected with the descending (D) and ascending (A) rules. These
two rules are always used together to indicate a range of classes
½CLSðaÞ;CRSðaÞ� for alternative a.

Note that the order of outcomes of the descending and
ascending assignment rules may vary, i.e. with some outranking
models the ascending rule may indicate an assignment to a better
class than the descending rule, whereas with other models the
order can be reversed.

Definition 3. An assignment ½CLSðaÞ;CRSðaÞ� for an alternative aAA
is said to be precise if LSðaÞ ¼ RSðaÞ, and imprecise in case
LSðaÞoRSðaÞ.

4. The disaggregation approach

The disaggregation approach presented here is restricted to the
inference of the weights wj and the majority threshold λ. That is,
we assume that the intra-criterion preference information in the
form of preference and indifference thresholds pjZqjZ0,
j¼ 1;…;n, and the set of characteristic profiles B¼ fb1;…;

bh;…; btg are given. In addition, we assume that no discordance
occurs, i.e. vj ¼1. The appendices contain alternative formula-
tions that (i) allow the inference of preference thresholds and
characteristic profiles (Appendix H), and (ii) include the veto
thresholds (Appendix I).

4.1. Preference model

The set of compatible models is defined with the following set
of constraints:

ðB1Þ ∑
n

j ¼ 1
wj ¼ 1;

ðB2Þ ∑
n

j ¼ 1
cjðbh; bhþ1Þþεrλ; h¼ 1;…; t�1;

ðB3Þ 0:5rλr1:0;
ðB4Þ 0rwjr1:0; for j¼ 1;…;n:
for j¼ 1;…;n; 8ðx; yÞAA� B; 8ðx; yÞAB� A

and 8ðx; yÞ ¼ ðbh; bhþ1Þ; h¼ 1;…; t�1;
ðB5Þ cjðx; yÞ ¼wj �φjðx; yÞ

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

EðBASEÞ

where ε is an arbitrary small positive value and wj ¼ cjðbtþ1; b0Þ.
Constraint (B1) normalizes the sum of weights of all criteria.

Constraint (B2) guarantees that bhS
cbhþ1, h¼ 1;…; t�1. Constraint

(B3) is related to the definition of the majority threshold λ.
Constraint (B4) ensures that the weight of each criterion is within
the interval ½0;1�. This is necessary because the majority threshold
λ describes the minimum sum of weights of criteria required to be
concordant with the outranking for it to hold. Often a more
restricted constraint 0rwjr0:5 is appropriate as it models,
together with (B3), that no single criterion should be more
important than the others considered jointly. Constraint (B5)
guarantees that (2) and (3) hold.

In case the DM is able to provide inter-criteria preference
information, it can be represented as linear constraints for the

M. Kadziński et al. / Omega 55 (2015) 126–140128



weights and/or λ. For example, partial preference information can
be represented as weight intervals, ½wj;n;wn

j � ) wn

j Zwj ¼ cjðbtþ1;

b0ÞZwj;n. For other weight constraint formulations, see [29].

4.2. Assignment examples

To formulate a set of conditions that reproduce the assignment
an-½CLDM ðanÞ;CRDM ðanÞ�, let us first study all possible relations
between an alternative a and the characteristic profiles B. For
each possible scenario, we are interested in:

� relation (g ; � ; ! , or R) that holds between a and bk,
k¼ 0;…; tþ1 (for explanation of g ; � ; ! ; and R, see
Section 2),

� comparison (4 ; Z ; ¼ ; r or o) between cða; bkþ1Þ and
cðbk; aÞ, k¼ 0;…; t.

These results are sufficient for justifying the recommendation
provided by the assignment procedures of Electre Tri-C. For
example:

� if a compares with B as follows:
○ for k¼ 0;…;h�2 : agbk and cða; bkþ1Þ4cðbk; aÞ, and

○ agbh�1 and cða; bhÞ4cðbh�1; aÞ and agbh and
cða; bhþ1Þocðbh; aÞ and a!bhþ1, and

○ for k¼ hþ2;…; tþ1 : cða; bkÞocðbk�1; aÞ and a!bk,

then both the ascending (A) and descending (D) rules result in
the precise assignment of a to class Ch (this is denoted by ½CA;D

h �).
The descending (ascending) rule indicates Ch, because bh is the
best profile outranked by a (aSbh) (bhþ1 is the worst profile
outranking a (bhþ1Sa)), and, moreover, cðbh; aÞ4cða; bhþ1Þ. This
scenario is exemplified in Table 1 by the comparison of aI with
the characteristic profiles fb0;…; b6g for the case h¼3 and t¼5.

� if a compares with B as follows:
○ for k¼ 0;…;h�2 : agbk and cða; bkþ1Þ4cðbk; aÞ, and
○ agbh�1 and cða; bhÞ4cðbh�1; aÞ and
○ for k¼ h;…; s, with hos : a� bk, and
○ cða; bsþ1Þocðbs; aÞ and a!bsþ1, and
○ for k¼ sþ2;…; tþ1 : cða; bkÞocðbk�1; aÞ, and a!bk,

then the ascending (A) and descending (D) rules indicate,
respectively, Ch and Cs, which results in the imprecise assign-
ment ½Ch;Cs� (this is denoted by ½CA

h ;C
D
s �). In particular, the

descending (ascending) rule indicates Cs (Ch), because bs is the
best profile outranked by a (aSbs) (bh is the worst profile

Table 1
Assignments for the eleven examplary alternatives with the joint use of the descending (D) and ascending (A) rules for λ¼ 0:7.

Alternative b0 b1 b2 b3 b4 b5 b6 D A ½CLS ðaÞ;CRS ðaÞ�

aI σðaI ;bhÞ 1.0 1.0 1.0 0.9 0.5 0.3 0.0 C3 C3 ½C3 ;C3� ¼ C3

σðbh; aIÞ 0.0 0.0 0.2 0.6 0.7 0.8 1.0
ðaI ; bhÞ g g g g ! ! !

aII σðaII ; bhÞ 1.0 1.0 1.0 0.9 0.6 0.3 0.0 C4 C4 ½C4 ;C4� ¼ C4

σðbh; aIIÞ 0.0 0.0 0.2 0.5 0.7 0.8 1.0
ðaII ; bhÞ g g g g ! ! !

aIII σðaIII ; bhÞ 1.0 1.0 1.0 0.9 0.6 0.3 0.0 C4 C3 ½C3 ;C4�
σðbh; aIIIÞ 0.0 0.0 0.2 0.6 0.7 0.8 1.0
ðaIII ; bhÞ g g g g ! ! !

aIV σðaIV ; bhÞ 1.0 1.0 0.9 0.7 0.3 0.1 0.0 C3 C3 ½C3 ;C3� ¼ C3

σðbh; aIV Þ 0.0 0.2 0.5 0.7 0.8 1.0 1.0
ðaIV ; bhÞ g g g � ! ! !

aV σðaV ; bhÞ 1.0 1.0 0.9 0.6 0.3 0.1 0.0 C3 C3 ½C3 ;C3� ¼ C3

σðbh; aV Þ 0.0 0.2 0.3 0.5 0.8 1.0 1.0
ðaV ; bhÞ g g g R ! ! !

aVI σðaVI ; bhÞ 1.0 1.0 0.9 0.6 0.5 0.1 0.0 C3 C4 ½C3 ;C4�
σðbh; aVI Þ 0.0 0.2 0.3 0.4 0.8 1.0 1.0
ðaVI ; bhÞ g g g R ! ! !

aVII σðaVII ; bhÞ 1.0 1.0 0.9 0.4 0.3 0.1 0.0 C2 C3 ½C2 ;C3�
σðbh; aVII Þ 0.0 0.2 0.5 0.6 0.8 1.0 1.0
ðaVII ;bhÞ g g g R ! ! !

aVIII σðaVIII ; bhÞ 1.0 1.0 1.0 1.0 0.8 0.3 0.0 C4 C3 ½C3 ;C4�
σðbh; aVIII Þ 0.0 0.2 0.5 0.9 1.0 1.0 1.0
ðaVIII ;bhÞ g g g � � ! !

aIX σðaIX ; bhÞ 1.0 1.0 0.9 0.6 0.5 0.3 0.0 C3 C4 ½C3 ;C4�
σðbh; aIX Þ 0.0 0.2 0.2 0.3 0.5 1.0 1.0
ðaIX ;bhÞ g g g R R ! !

aX σðaX ; bhÞ 1.0 1.0 0.9 0.6 0.6 0.5 0.0 C3 C5 ½C3 ;C5�
σðbh; aX Þ 0.0 0.2 0.2 0.3 0.4 1.0 1.0
ðaX ;bhÞ g g g R R ! !

aXI σðaXI ; bhÞ 1.0 1.0 0.9 0.4 0.3 0.2 0.0 C2 C4 ½C2 ;C4�
σðbh; aXI Þ 0.0 0.2 0.5 0.5 0.6 1.0 1.0
ðaXI ; bhÞ g g g R R ! !
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outranking a (bhSa)), and, moreover, cðbs; aÞ4cða; bsþ1Þ
(cða; bhÞ4cðbh�1; aÞ). This scenario is exemplified in Table 1
by the comparison of aVIII with characteristic profiles fb0;…; b6g
for the case h¼3, s¼4, and t¼5.

In Tables 2 and 3, we depict all possible relations between a and
the characteristic profiles bk, k¼ 0;…; tþ1. The previous examples
correspond to, respectively, columns I in Table 2 and VIII in Table 3.
Each table column, denoted by fI; II;…;XIg, is further exemplified
in Table 1 by the comparison of respective ai, iAfI; II;…;XIg with
bk, k¼ 0;…;6. For all table columns, the example provided in
Table 1 assumes h¼3, while for the scenarios depicted in columns
fVIII;…;XIg in Table 3, we additionally assume s¼4.

Discussion and detailed justification of the assignments is
provided in Appendix A. The general idea underlying the assign-
ment rules of Electre Tri-C is summarized as follows:

� the descending rule identifies the best characteristic profile bhD ,
such that aSbhD , and then compares cðbhD ; aÞ with cða; bhD þ1Þ to
choose between ChD and ChD þ1;� the ascending rule identifies the worst characteristic profile bhA ,
such that bhASa, and then compares cða; bhA Þ with cðbhA �1; aÞ to
choose between ChA and ChA �1.

In general, when comparing an alternative aAA with the char-
acteristic profiles, one of the following situations occurs:

� a is neither indifferent nor incomparable to bhAB; then, the
same class or two consecutive classes are indicated by both
assignment rules; although hD ¼ hA�1, comparisons of the
concordance indices cðbhD ; aÞ ¼ cðbhA �1; aÞ and cða; bhD þ1Þ ¼
cða; bhA Þ with both rules imply that the class indicated by the
ascending rule is not better than the class indicated by the
descending one;

� a is indifferent to at least one characteristic profile bh;…; bsAB,
hrs (in case hos, profiles bh;…; bs define a subset of con-
secutive classes); then Ch is indicated by the ascending rule,
whereas Cs is indicated by the descending rule; since hrs, the
class indicated by the ascending rule is not better than the class
indicated by the descending one;

� a is incomparable to at least one characteristic profile
bh;…; bsAB, hrs (in case hos, profiles bh;…; bs define a subset
of consecutive classes); then, either Ch�1 or Ch is indicated by
the descending rule, whereas Cs or Csþ1 is indicated by the
ascending rule (note, however, that Ch�1 and Csþ1 cannot be
indicated jointly); since hrs, the class indicated by the
descending rule is not better than the class indicated by the
ascending one.

Analysis of these assignments can be summarized with the
following four remarks:

Remark 4.1. The assignment can be precise (Table 2, columns I, II,
IV, V) or imprecise (Table 2, columns III, VI, VII, and Table 3,
columns VIII–XI).

Remark 4.2. If there are only preference relations between a and
B (Table 2, columns I–III), or a is indifferent to at least one
characteristic profile (Table 2, column IV, and Table 3, column
VIII), the class indicated by the descending rule is at least as good
as the class indicated by the ascending rule.

Remark 4.3. If a is incomparable to at least one characteristic
profile (Table 2, columns V–VII, and Table 3, columns IX–XI), the
class indicated by the ascending rule is at least as good as the class
indicated by the descending rule.

Remark 4.4. Let CLS ðaÞ and CRSðaÞ be, respectively, the worst and the
best classes to which a is assigned to by the outranking model S.
When analyzing different scenarios, one can observe all types of
relations (g ; � ; ! ; and R) between a and bj, k¼ LSðaÞ;…;RSðaÞ.
For example, agbLSðaÞ (Table 2, column I), or a� bLS ðaÞ (Table 2,
column IV), or a!bLSðaÞ (Table 2, column II), or aRbLS ðaÞ (Table 2,
column V) (the same examples hold for the comparison of a with
bR
S(a)).
The variety of possible relations between a and bk,

k¼ LSðaÞ;…;RSðaÞ means that the conditions for reproducing the
assignment example an-½CLDM ðanÞ;CRDM ðanÞ� cannot be formulated
solely by comparing an with the characteristic profiles bk,
k¼ LDMðanÞ;…;RDMðanÞ. Instead, we need to guarantee that an is

Table 3
Assignments with the joint use of the ascending (A) and descending (D) rules for
the cases where the alternative a is indifferent (�) or incomparable (R) to at least
two characteristic profiles bh ;…; bsAB, hos.

Profile index Result VIII IX X XI

½CA
h ;C

D
s � ½CD

h ;C
A
s � ½CD

h ;C
A
sþ1� ½CD

h�1 ;C
A
s �

k¼ 0;…;h�2 ða; bkÞ g g g g
cða;bkþ1Þ ? cðbk; aÞ 4 4 4 4

ða; bh�1Þ g g g g
cða;bhÞ ? cðbh�1 ; aÞ 4 Z Z o

k¼ h;…; s ða; bkÞ � R R R

cða;bsþ1Þ ? cðbs; aÞ o r 4 r
ða; bsþ1Þ ! ! ! !

k¼ sþ2;…; tþ1 cða;bkÞ ? cðbk�1; aÞ o o o o
ða; bkÞ ! ! ! !

Table 2
Assignments with the joint use of the ascending (A) and descending (D) rules for the cases where there are only preference relations (� and R are empty) or the alternative a
is indifferent (�) or incomparable (R) to only a single characteristic profile bhAB.

Profile index Result I II III IV V VI VII

½CA;D
h � ½CA;D

hþ1� ½CA
h ;C

D
hþ1� ½CA;D

h � ½CA;D
h � ½CD

h ;C
A
hþ1� ½CD

h�1 ;C
A
h �

k¼ 0;…; h�2 ða; bkÞ g g g g g g g
cða; bkþ1Þ ? cðbk ; aÞ 4 4 4 4 4 4 4

ða; bh�1Þ g g g g g g g
cða; bhÞ ? cðbh�1; aÞ 4 4 4 4 Z Z o
ða; bhÞ g g g � R R R
cða; bhþ1Þ ? cðbh ; aÞ o 4 ¼ o r 4 r
ða; bhþ1Þ ! ! ! ! ! ! !

k¼ hþ2;…; tþ1 cða; bkÞ ? cðbk�1 ; aÞ o o o o o o o
ða; bkÞ ! ! ! ! ! ! !
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assigned neither to a class worse than CLDM ðanÞ nor to a class better
than CRDM ðanÞ, which requires referring to the characteristic profiles
of classes outside the desired interval of classes ½CLDM ðanÞ;CRDM ðanÞ�.

4.3. Inference programs

As noted earlier in Remark 4.4, in order to guarantee that an will be
assigned to the desired range of classes ½CLDM ðanÞ;CRDM ðanÞ�, we need to
ensure that an is not assigned to a class worse than CLDM ðanÞ nor to a
class better than CRDM ðanÞ. The conditions that prevent an from being
assigned to the class CLDM ðanÞ�1 or worse are the following:

� cðan; bLDM ðanÞ�1ÞZλ and cðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a
nÞ when the

descending rule indicates the worst class;
� cðbLDM ðanÞ�1; a

nÞoλ and cðan; bLDM ðanÞÞ4cðbLDM ðanÞ�1; a
nÞ when the

ascending rule indicates the worst class.

Consequently, cðan; bLDM ðanÞ�1ÞZλ and cðbLDM ðanÞ�1; a
nÞoλ are indis-

pensable, and, thus, an needs to be preferred to bLDM ðanÞ�1 (ang
bLDM ðanÞ�1). Moreover, cðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a

nÞ is required in
case aRbLDM ðanÞ (see Remark 4.3); otherwise, the latter condition can
be relaxed to a strict inequality cðan; bLDM ðanÞÞ4 cðbLDM ðanÞ�1; a

nÞ (see
Remark 4.2). These considerations lead to Lemma 1.

Lemma 1. 8anAAR, the set of conditions (8) prevents an from being
assigned to a class CLDM ðanÞ�1 or worse for LDMðanÞ41.

angbLDM ðanÞ�1 and fcðan; bLDM ðanÞÞ4cðbLDM ðanÞ�1; a
nÞ

or ½cðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a
nÞ and anRbLDM ðanÞ�g: ð8Þ

In terms of MILP formulation, (8) corresponds to ELðan; LDMðanÞÞ:

ðEL1Þ cðan; bLDM ðanÞ�1ÞZλ;

ðEL2Þ cðbLDM ðanÞ�1; a
nÞþεrλ;

ðEL3Þ M � vLþcðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a
nÞþε;

ðEL41Þ M � ð1�vLÞþcðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a
nÞ;

ðEL42Þ M � ð1�vLÞþλZcðan; bLDM ðanÞÞþε;

ðEL43Þ M � ð1�vLÞþλZcðbLDM ðanÞ; a
nÞþε;

ðEL5Þ vLAf0;1g:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

ELðan; LDMðanÞÞ

where M41 &.

Proof. In Appendix B.1.

The conditions that prevent an from being assigned to a class
CRDM ðanÞþ1 or better are the following:

� cðan; bRDM ðanÞþ1Þoλ and cðbRDM ðanÞ; a
nÞ4cðan; bRDM ðanÞþ1Þ when the

descending rule indicates the best class;
� cðbRDM ðanÞþ1; a

nÞZλ and cðbRDM ðanÞ; a
nÞZcðan; bRDM ðanÞþ1Þ when the

ascending rule indicates the best class.

Consequently, cðbRDM ðanÞþ1; a
nÞZλ and cðan; bRDM ðanÞþ1Þoλ are indis-

pensable, and, thus, bRDM ðanÞþ1 needs to be preferred to an

(bRDM ðanÞþ1gan). Moreover, cðbRDM ðanÞ; a
nÞZcðan; bRDM ðanÞþ1Þ is

required in case aRbRDM ðanÞ (see Remark 4.3); otherwise, the latter
condition can be relaxed to a strict inequality cðbRDM ðanÞ;
anÞ4cðan; bRDM ðanÞþ1Þ (see Remark 4.2). These considerations lead
to Lemma 2.

Lemma 2. 8anAAR, the set of (9) prevents an from being assigned to
a class CRDM ðanÞþ1 or better for RDMðanÞot:

bRDM ðanÞþ1gan and fcðbRDM ðanÞ; a
nÞ4cðan; bRDM ðanÞþ1Þ or ½cðbRDM ðanÞ; a

nÞ

Zcðan; bRDM ðanÞþ1Þ and anRbRDM ðanÞ�g: ð9Þ

In terms of MILP formulation, (9) corresponds to EUðan;RDMðanÞÞ.

ðEU1Þ cðbRDM ðanÞþ1; a
nÞZλ;

ðEU2Þ cðan; bRDM ðanÞþ1Þþεrλ;

ðEU3Þ M � vRþcðbRDM ðanÞ; a
nÞZcðan; bRDM ðanÞþ1Þþε;

ðEU41Þ M � ð1�vRÞþcðbRDM ðanÞ; a
nÞZcðan; bRDM ðanÞþ1Þ;

ðEU42Þ M � ð1�vRÞþλZcðan; bRDM ðanÞÞþε;

ðEU43Þ M � ð1�vRÞþλZcðbRDM ðanÞ; a
nÞþε;

ðEU5Þ vRAf0;1g:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

EUðan;RDMðanÞÞ

&

Proof. In Appendix B.2.

The relations corresponding to the conditions of the worst and
best desired classes (i.e. (8) and (9), respectively) can be identified
in Tables 2 and 3. For all possible scenarios (i.e., all table columns),
when a is assigned to an interval of classes ½CLSðaÞ;CRSðaÞ�, bLSðaÞ�1
(bRSðaÞþ1) is the best (worst) characteristic profile satisfying (8)
((9)), thus preventing a from being assigned to class worse than
CLS ðaÞ ðbetter than CRSðaÞÞ.

Theorem 1. 8anAAR, the constraint set given below guarantees the
assignment of an to the range of classes ½CLDM ðanÞ;CRDM ðanÞ�.

ELðan; LDMðanÞÞ; if LDMðanÞ41;
EUðan;RDMðanÞÞ if RDMðanÞot:

9=
; Eðan-½CLDM ðanÞ;CRDM ðanÞ�Þ

Proof. The first condition is Lemma 1 and the second one is
Lemma 2. □

The set of outranking models S compatible with the preference
information provided by the DM is defined with the following set
of constraints EðARÞ:

EðBASEÞ;
Eðan-½CLDM ðanÞ;CRDM ðanÞ�Þ for all anAAR:

9>=
>; EðARÞ

The set S is not empty if EðARÞ is feasible and εn ¼max ε, s.t.
EðARÞ, is greater than zero. For inconsistency analysis, see Appendix C.

4.4. Possible and necessary assignments

Definition 4. Given a set of outranking models S compatible with
the preference information provided by the DM, the possible
assignment CP(a) is defined as the set of indices of classes Ch for
which there exists at least one compatible outranking model
assigning a to Ch, and the necessary assignment CN(a) as the set
of indices of classes Ch for which all compatible outranking models
assign a to Ch. That is, the necessary and possible assignments are:

CPðaÞ ¼ fhAH : (SAS; LSðaÞrhrRSðaÞg;
CNðaÞ ¼ fhAH : 8SAS; LSðaÞrhrRSðaÞg:

The notion of possible assignments has been used before in the
context of value- [30–33], outranking- [27,34], and rule-based
approaches [45], whereas the concept of necessary assignment has
been used so far only in value- and rule-based sorting approaches
[30,31,45].

4.4.1. Possible assignment
Alternative a is possibly assigned to class Ch if the following two

conditions are satisfied for a compatible outranking model SAS:
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� the worse class assignment CLSðaÞ is not better than Ch, i.e.
LSðaÞrh3:ðLSðaÞZhþ1Þ;

� the best class assignment CRSðaÞ is not worse than Ch, i.e.
RSðaÞZh3:ðRSðaÞrh�1Þ.

Note that a is assigned to a class at least as good as Chþ1 (or not
better than Ch�1), if the set of conditions ELða;hþ1Þ (or
EUða;h�1Þ) can be reproduced within EðARÞ. Both ELða;hþ1Þ and
EUða;h�1Þ have the following form:

fc1 and c2 and ½c3 or ðc41 and c42 and c43Þ�g: ð10Þ

To show that ELða;hþ1Þ and EUða;h�1Þ do not hold for any
compatible outranking model, it is sufficient to prove that their
negations are satisfiable within EðARÞ. That is,
notfc1 and c2 and ½c3 or ðc41 and c42 and c43Þ�g3
fnotðc1Þ or notðc2Þ or ½notðc3Þ and ðnotðc41Þ or notðc42Þ or notðc43Þ�g:

ð11Þ

Let us denote the negations of ELða;hþ1Þ and EUða;h�1Þ as the
constraint sets ENLða;hÞ and ENUða;hÞ, respectively. Then, the
possible assignment of aAA can be computed by considering
Theorem 2 for each hAH.

Theorem 2. 8aAA; 8hAH; (SAS : LSðaÞrhrRSðaÞ, i.e. a-PCh iff
the constraint set given below is feasible and εn ¼max ε
s:t: Eða-PChÞ40:

if hot :

ðLP1Þ M � ðvL1�1Þþcða; bhÞþεrλ;
ðLP2Þ M � ð1�vL2Þþcðbh; aÞZλ;
ðLP3Þ M � ð1�vL3Þþcðbh; aÞZcða; bhþ1Þ;
ðLP4Þ M � ð1�vL41Þþcðbh; aÞZcða; bhþ1Þþε;
ðLP5Þ M � ð1�vL42Þþcða; bhþ1ÞZλ;
ðLP6Þ M � ð1�vL43Þþcðbhþ1; aÞZλ;
ðLP7Þ vL1þvL2þvL3 ¼ 1;
ðLP8Þ vL41þvL42þvL43 ¼ vL3;

ðLP9Þ vL1; vL2; vL3; vL41; vL42; vL43Af0;1g;

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

ENLða;hÞ

if h41 :

ðUP1Þ M � ðvR1�1Þþcðbh; aÞþεrλ
ðUP2Þ M � ð1�vR2Þþcða; bhÞZλ;
ðUP3Þ M � ð1�vR3Þþcða; bhÞZcðbh�1; aÞ;
ðUP4Þ M � ð1�vR41Þþcða; bhÞZcðbh�1; aÞþε;
ðUP5Þ M � ð1�vR42Þþcða; bh�1ÞZλ;
ðUP6Þ M � ð1�vR43Þþcðbh�1; aÞZλ;
ðUP7Þ vR1þvR2þvR3 ¼ 1;
ðUP8Þ vR41þvR42þvR43 ¼ vR3;

ðUP9Þ vR1; vR2; vR3; vR41; vR42; vR43Af0;1g;

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

ENUða;hÞ

EðARÞ:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

Eða-PChÞ

ð12Þ

&

Proof. In Appendix D.1.

The set S is non-convex as the space of compatible models is
defined with a logical OR combination of linear inequalities in
EðARÞ. This implies that there may be jumps in the possible
assignment, i.e. if (S0; S″AS : RS0 ðaÞrh and LS″ðaÞZhþδh with
δhZ2, there may exist δAf1;…; δh�1g for which there is no
SnAS such that LS

n ðaÞrhþδrRSn ðaÞ: Nevertheless, in Section 5,
we further revise the assignment rules of Electre Tri-C so that the
set S is convex and the resulting possible assignment has no
class jumps.

4.4.2. Necessary assignment
Alternative a is necessarily assigned to class Ch, hAH if the

following two conditions are satisfied:

� a is assigned to a class worse than Chþ1 with all compatible
outranking models, i.e. LSðaÞohþ1, 8SAS;

� a is assigned to class better than Ch�1 with all compatible
outranking models, i.e. RSðaÞ4h�1, 8SAS.

Note that a is assigned to a class at least as good as Chþ1 (or not better
than Ch�1), if the set of conditions ELða;hþ1Þ (or EUða;h�1Þ) can be
reproduced within EðARÞ. If none of these is possible, then a is assigned
to Ch with all SAS. Thus, the necessary assignment for aAA can be
computed by considering Theorem 3 for each hAH.

Theorem 3. 8aAA; 8hAH; 8SAS, LSðaÞrhrRSðaÞ, i.e. a-NCh, iff:
the constraint set given below is infeasible or εn ¼ max ε s:t:

Eða-PCZhþ1Þr0 for hot.

ELða;hþ1Þ;
EðARÞ;

)
Eða-PCZhþ1Þ ð13Þ

and the constraint set given below is infeasible or εn ¼
max ε s:t: Eða-PCrh�1Þr0 for h41:

EUða;h�1Þ;
EðARÞ:

)
Eða-PCrh�1Þ ð14Þ

&

Proof. In Appendix D.2.

Theorem 4 (No class jumps in the necessary assignment). 8aAA,
CN(a) is either empty or formed by the set of contiguous classes
between CLN ðaÞ and CRN ðaÞ being, respectively, the worst and the best
class to which a is assigned by all compatible outranking models.

Proof. In Appendix E &.

4.5. Reformulation of the Electre Tri-C assignment procedures

The results in the previous subsections allow reformulating the
assignment rules of Electre Tri-C. To indicate the worst class in
which a can be assigned to, compare a successively to bh, for
h¼ t�1;…;0, seeking the first characteristic profile bh such that

agbh and fcða; bhþ1Þ4cðbh; aÞ or ½cða;bhþ1ÞZcðbh; aÞ and aRbhþ1�g:
ð15Þ

Select Chþ1.

Proof. In Appendix F.1 &.

To indicate the best class in which a can be assigned to,
compare a successively to bh, for h¼ 2;…; tþ1, seeking the first
characteristic profile bh such that

bhga and fcðbh�1; aÞ4cða; bhÞ or ½cðbh�1; aÞZcðbh; aÞ and aRbh�1�g:
ð16Þ

Select Ch�1.

Proof. In Appendix F.2 &.

These rules unambiguously indicate the worst and best classes
for the possible assignment of aAA. That is, irrespective of how a
compares with B (i.e., no matter if there are only preference
relations between a and B, or a is indifferent or incomparable
with some characteristic profiles), we can identify the extreme
assignments using univocal and precise conditions. On the con-
trary, as proven in Section 4.2, the order of classes indicated by the
original Electre Tri-C rules may vary, so one needs to use both of
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them in order to know the worst or the best class an alternative
can be assigned to.

Moreover, translation of the reformulated procedures to expla-
nations formulated in the natural language is straightforward as,
for example, in case Ch is the worst (best) class of a, it can be
justified with a being clearly better (worse) than the characteristic
profile bh�1 (agbh�1) (bhþ1 (bhþ1ga)) and there existing
sufficiently strong arguments in support of a (bh) being at least
as good as bh (a) (e.g., cða; bhÞ4cðbh�1; aÞ (cðbh; aÞ4cða; bhþ1Þ)).
Such explanations cannot be derived from the original assignment
rules of Electre Tri-C. Note that the topic of explaining the results
of decision aiding methods has recently motivated various studies
(see e.g. [35–37]).

Finally, comprehensibility of the reformulated procedures
may be enhanced by drawing analogies with the well-known
assignment rules of Electre Tri-B. First, the underlying logic can
be explained in a similar way: in Electre Tri-B, if the pessimistic
(optimistic) rule indicates Ch for the assignment of a, it can be
justified with a outranking the boundary profile bh (a being
clearly worse than bhþ1). Second, analogously to the reformu-
lated Electre Tri-C rules, the order of classes indicated by the
pessimistic and optimistic rules is unambiguous, i.e., the previous
one always indicates a class which is not better than the class
indicated by the latter one. Nevertheless, there are some impor-
tant differences between the two methods. On one hand, the
assignment rules of Electre Tri-B are used separately (i.e., only
one of them should be applied), and they indicate precise class
assignments, whereas the reformulated rules of Electre Tri-C
need to be used jointly for indicating a possibly imprecise
interval of classes. Moreover, there is a fundamental difference
in the interpretability of the characteristic profiles of Electre Tri-C
and the boundary profiles of Electre Tri-B. A detailed comparison
of the assumptions, requirements, and strengths of the two
methods is provided in [13].

5. Electre Tri-rC: Electre Tri-C with revised assignment rules

In this section, we further revise Electre Tri-C by removing the
logical OR conditions from the assignment rules given in Section 4.5.
This leads to a simpler interpretation of the assignment procedures
and the formulation of less complex mathematical programs. It also
implies that the space of compatible outranking models (weights and
λ) is convex and thus the possible assignment has no class jumps. In
the proposed reformulation, (15) is replaced by

agbh and cða; bhþ1Þ4cðbh; aÞ; ð17Þ

whereas (16) is replaced by

bhga and cðbh�1; aÞ4cða; bhÞ: ð18Þ

Remark 5.1. When compared to the original assignment rules of
Electre Tri-C, the new assignment procedures would indicate:

(i) Ch�1 rather than Ch in case agbh�1 and cða; bhÞ ¼ cðbh�1; aÞ
and aRbh;

(ii) Chþ1 rather than Ch in case bhþ1ga and cðbh; aÞ ¼ cða; bhþ1Þ
and aRbh.

Thus, in case aRbh and agbh�1 or a!bhþ1, the conditions for
indicating class Ch instead of, respectively, Ch�1 or Chþ1, are
slightly more demanding than in Electre Tri-C (a weak inequality
is replaced by the strict one). The recommendations provided for
all other cases are equal.

Example 5.1. For all eleven alternatives provided in Table 1, the
assignments indicated by the revised rules of Electre Tri-rC and
the original rules of Electre Tri-C are the same. The differences in
the indicated recommendations are illustrated in Table 4. Precisely,
cases (i) and (ii) described in Remark 5.1 are exemplified by the
assignments of, respectively, aXII and aXIII (we assume h¼3).

Let us now adapt the mathematical formulations from Section
4 to the revised assignment rules. We discuss only changes in the
constraints, while the conclusions drawn from the solutions of the
mathematical programs remain the same. In particular, the infer-
ence programs now can be modeled with Linear Programming (LP)
rather than MILP. Precisely, ELðan; LDMðanÞÞ becomes

ðEL10Þ cðan; bLDM ðanÞ�1ÞZλ;

ðEL20Þ cðbLDM ðanÞ�1; a
nÞþεrλ;

ðEL30Þ cðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a
nÞþε;

9>>>=
>>>;

EL0ðan; LDMðanÞÞ

and EUðan;RDMðanÞÞ becomes

ðEU10Þ cðbRDM ðanÞþ1; a
nÞZλ;

ðEU20Þ cðan; bRDM ðanÞþ1Þþεrλ;

ðEU30Þ cðbRDM ðanÞ; a
nÞZcðan; bRDM ðanÞþ1Þþε:

9>>>=
>>>;

EU0ðan;RDMðanÞÞ

Then, these constraints are used to define the set of compatible
outranking models E0ðARÞ, which are used for computing the
possible assignment Eða-PChÞ:

if hot :
ðLP1Þ; ðLP2Þ; ðLP3Þ; ðLP7Þ;�ENL0ða;hÞ
if h41 :

ðUP1Þ; ðUP2Þ; ðUP3Þ; ðUP7Þ; g ENU0ða;hÞ
E0ðARÞ:

9>>>>>>>>=
>>>>>>>>;
E0ða-PChÞ ð19Þ

Table 4
Assignment by the use of the original rules of Electre Tri-C and the revised rules of Electre Tri-rC for the two exemplary alternatives for λ¼ 0:7.

Alternative Credibility/relation b0 b1 b2 b3 b4 b5 b6 Assignment by

Original rules Revised rules

aXII σðaXII ; bhÞ 1.0 1.0 0.8 0.5 0.3 0.0 0.0 ½C3 ;C3� ½C2;C3�
σðbh ; aXIIÞ 0.0 0.2 0.5 0.6 0.8 1.0 1.0
ðaXII ; bhÞ g g g R ! ! !

aXIII σðaXIII ; bhÞ 1.0 1.0 0.8 0.6 0.5 0.0 0.0 ½C3 ;C3� ½C3;C4�
σðbh ; aXIIIÞ 0.0 0.0 0.2 0.5 0.8 1.0 1.0
ðaXIII ; bhÞ g g g R ! ! !
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For the revised assignment procedures, there are no class jumps in
the possible assignment.

Theorem 5 (No class jumps in the possible assignment). Denote by
ηða;bh; SÞ ¼ cða; bhÞ�λ¼∑n

j ¼ 1cjða; bhÞ�λ. Let S be a convex set of
compatible outranking models (weights and λ), and therefore,

8SI; SIIAS; and α;βA ½0;1�; SIIIAS if ηða; bh; SIIIÞ
¼ αηða; bh; SIÞþð1�αÞηða; bh; SIIÞ

and ηðbh; a; SIIIÞ ¼ βηðbh; a; SIÞþð1�βÞηðbh; a; SIIÞ:
Now, if (S0; S″AS : RS0 ðaÞrh and LS″ðaÞZhþδh with δhZ2⟹
8δAf0;…;δhg (SnAS such that LS

n ðaÞrhþδrRSn ðaÞ &.

Proof. In Appendix G.

When computing the necessary assignment, the constraint sets
given below should be used instead of the ones in Theorem 3:

EL0ða;hþ1Þ;
E0ðARÞ;

)
E0ða-PCZhþ1Þ ð20Þ

EU 0ða;h�1Þ;
E0ðARÞ:

)
E0ða-PCrh�1Þ ð21Þ

There are no class jumps in the necessary assignment for the
revised procedures. The proof is analogous to Theorem 4.

6. Decision aiding with the proposed approach

Sorting decisions can be aided with the proposed approach
through the iterative six-step process illustrated in Fig. 1.

The process begins by defining the problem; a set of alternatives
A, a set of criteria F, the alternatives' evaluations on the criteria,
and a set of ordered classes C. Then, in Step 2 the preference
information is elicited and incorporated into the model. The DM
needs to provide the characteristic profiles B for each class, and the
indifference qj(x) and preference pj(x) thresholds for all criteria.
Moreover, we assume that the DM provides a set of assignment
examples consisting of reference alternatives ARDA and their
desired assignments. The DM may provide linear constraints for
the weights (e.g., gj is more important than gk, represented as
wj4wk) or for the majority threshold λ.

Step 3 consists of constructing the disaggregation model. Then,
in Step 4, we verify whether there exists at least one instance of
the outranking model compatible with the preference informa-
tion. If no such instance exists, the DM is asked to revise her
preference information (see Appendix C for details).

Step 5 consists of building a recommendation in terms of the
necessary and possible assignments. These are verified in Step 6;
if the DM is satisfied with the recommendation, the process
ends. Otherwise, one should revise the input data and/or pre-
ference information. The suggested procedure is to provide
new assignment examples for alternatives with multiple possible
assignments and empty necessary assignments. In the same
spirit, the DM may wish to make more precise the assignments
of some reference alternatives already considered in the previous
iteration.

7. Illustrative study: environmental risk assessment

We re-analyze a real-world risk assessment problem of zoning
the watershed of Moulinet and Violettes (Low Normandy, France).

INPUT DATA

START

Coherent family of criteria F Set of alternatives A Set of ordered classes C STEP 1

PREFERENCE 
INFORMATION 
FROM THE DM

Weight constraints

Range for the 
majority threshold 

Build a set of reference 
alternatives AR A

STEP 2
Assignment of reference 

alternatives to classes
Characteristic

profiles B

Define conditions for outranking models compatible with preference information STEP 3

STEP 4Is there at least one 
compatible outranking model?

Identify inconsistent 
preference information

CONSISTENCY ANALYSIS

NO YES

Build recommendation in terms of possible and necessary assignments STEP 5

STOP

Is the current recommendation 
decisive enough?

YES
STEP 6

NO

R
EV

IS
E

Indifference and 
preference thresholds ⊆

Fig. 1. Interactive decision aiding process for the proposed disaggregation approach.
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The problem was originally analyzed in [38] with Electre Tri-C. We
consider a set of 40 land zones evaluated on five criteria with
decreasing direction of preference:

� g1: overall slope of the land zone;
� g2: quality of the connectivity between the land zone and the

stream;
� g3: type of embankment in the lower part of the land zone;
� g4: nature of crops in the land zone;
� g5: bank alteration by the cows when they drink water directly

from the stream.

The zones' evaluations are presented in Table 5. The objective of
the study is to indicate the most appropriate intervention for
protecting the reproduction habitat of salmonidae fish in these
watersheds. The interventions are designed based on the following
risk classes: very high risk (C1), high risk (C2), intermediate risk
(C3), and low or no risk (C4). The presented results were obtained
with respect to the original assignment rules of Electre Tri-C using
algorithms from Section 4.

We assume that no single criterion is more important than the
others considered jointly, i.e. the constraint (B4) in E(BASE) is
reformulated as the more restricted one with 0rwjr0:5. Com-
putation of the necessary and possible assignments was imple-
mented via constructing MILPs that were subsequently solved

with glpk. Our R implementation is freely available online.2 The
indifference and preference thresholds provided by the DM are
given in Table 6, the characteristic profiles are provided in Table 7,
and the exemplary assignments of the five reference zones
supplied in the first iteration are given in Table 8. These are
consistent and the set of compatible outranking models is
not empty.

The possible and necessary assignments are presented in
Table 5 (columns C1

PðaÞ and C1
NðaÞ). The necessary assignment is

precise and not empty for the five reference zones (a7, a38, a108,
a10, a31). Another 22 non-reference zones (e.g., a59, a25, a29, a17) are
assigned precisely, i.e. to a single class with all compatible out-
ranking models. For the remaining 13 zones, the necessary assign-
ment is empty and the possible assignments are imprecise.
However, there are also 8 zones for which the possible assign-
ments are imprecise, although the necessary ones are non-empty.
For example, with some compatible outranking models a6 is
assigned to ½C1;C2�, while with the remaining ones to C2. As a
result CPða6Þ ¼ ½C1�C2� and CNða6Þ ¼ C2. Overall, there are 15 zones
possibly assigned to two consecutive classes (i.e., C1�C2 or C2�C3

or C3�C4) and 6 zones with a possible assignment in three classes
(i.e., C1�C3 or C2�C4). The average difference between the
extreme class indices is 0.7.

Let us suppose that considering the results of the first iteration,
the DM feels confident that a12 should be assigned to C3, while a4
and a16 belong to C4 (see Table 8). Comparing to the previous
iteration, there are another 7 zones with a non-empty precise
necessary assignment C2

NðaÞ (see Table 5). Also the possible assign-
ments C2

PðaÞ are now more precise. For 9 zones, including 6 non-
reference ones (a11, a13, a20, a45, a3, a21), C

2
PðaÞ is more tight than

C1
PðaÞ. The average difference between the extreme class indices is

now 0.43.

Table 5
Land zones' performances (names as in [38]) and their possible and necessary
assignments to the four risk classes in the first, second, and third iterations.

Alt. g1 g2 g3 g4 g5 C1
P ðaÞ C1

N ðaÞ C2
P ðaÞ C2

NðaÞ C3
PðaÞ C3

N ðaÞ

a2 10.1 2 1 1 1 C4 C4 C4 C4 C4 C4
a3 8.3 2 6 1 1 C2�C4 – C4 C4 C4 C4
a4 20.3 2 4 1 1 C3�C4 – C4 C4 C4 C4
a5 219.5 3 4 4 1 C3 C3 C3 C3 C3 C3
a6 49.9 7 6 4 2 C1�C2 C2 C1�C2 C2 C1�C2 C2
a7 208.9 7 6 1 8 C1 C1 C1 C1 C1 C1
a8 67.7 2 1 4 1 C3�C4 C4 C3�C4 C4 C3�C4 C4
a9 141.1 3 4 4 1 C3 C3 C3 C3 C3 C3
a10 533.6 3 4 4 1 C3 C3 C3 C3 C3 C3
a11 134.9 1 4 4 1 C3�C4 – C3 C3 C3 C3
a12 91.6 1 4 4 1 C3�C4 – C3 C3 C3 C3
a13 129.7 1 4 4 1 C3�C4 – C3 C3 C3 C3
a14 44.8 1 4 3 1 C3�C4 – C3�C4 – C4 C4
a15 8.3 1 4 3 1 C3�C4 – C3�C4 – C4 C4
a16 14.8 1 6 1 1 C2�C4 – C4 C4 C4 C4
a17 53.8 1 1 1 1 C4 C4 C4 C4 C4 C4
a18 124.9 1 1 1 1 C4 C4 C4 C4 C4 C4
a19 89.4 1 1 4 1 C4 C4 C4 C4 C4 C4
a20 289.2 1 4 3 1 C3�C4 – C3 C3 C3 C3
a21 66.4 1 6 1 1 C2�C4 – C3�C4 – C3�C4 –

a22 128.5 5 4 1 1 C2�C3 C2 C2�C3 C2 C2�C3 C2
a24 55.0 3 4 1 1 C3�C4 – C3�C4 – C3�C4 –

a25 135.4 7 6 1 2 C2 C2 C2 C2 C2 C2
a26 161.4 7 6 1 2 C1�C2 C1 C1�C2 C1 C1�C2 C1
a27 163.1 7 6 1 1 C1�C3 C1 C1�C3 C1 C1�C3 C1
a28 244.8 5 4 4 1 C2 C2 C2 C2 C2 C2
a29 215.1 3 4 4 1 C3 C3 C3 C3 C3 C3
a30 49.8 3 4 6 1 C2�C4 – C2�C4 – C3 C3
a31 66.4 3 1 1 1 C4 C4 C4 C4 C4 C4
a38 59.9 7 6 1 2 C2 C2 C2 C2 C2 C2
a42 117.6 5 4 4 1 C2 C2 C2 C2 C2 C2
a43 207 7 6 1 2 C1�C2 C1 C1�C2 C1 C1�C2 C1
a44 431.3 5 4 3 1 C2 C2 C2 C2 C2 C2
a45 62 3 6 3 1 C2�C3 C3 C3 C3 C3 C3
a59 576.7 7 6 1 5 C1 C1 C1 C1 C1 C1
a75 273.9 7 6 1 1 C1�C3 C1 C1�C3 C1 C1�C3 C1
a76 289.6 7 6 1 8 C1 C1 C1 C1 C1 C1
a106 91.4 7 6 1 2 C2 C2 C2 C2 C2 C2
a107 135.8 5 6 6 1 C1�C2 – C1�C2 – C2 C2
a108 108.2 5 6 4 1 C2 C2 C2 C2 C2 C2

Table 6
Indifference and preference thresholds for the environmental risk assessment
problem.

g1 g2 g3 g4 g5

qj(x) 0:01 � g1ðxÞ 0 0 0 0
pj(x) 0:05 � g1ðxÞ 1.9 1.9 1.9 2

Table 7
Characteristic profiles for the environmental risk assessment problem.

g1 g2 g3 g4 g5

b1 200 7 6 6 8
b2 150 5 4 4 5
b3 100 3 2 3 2
b4 50 2 1 1 1

Table 8
Assignment examples for the environmental risk assessment problem.

Class Assigned land zones

1st iteration 2nd iteration 3rd iteration

C1 a7 – –

C2 a38, a108 – a107
C3 a10 a12 a30
C4 a31 a4, a16 a15

2 http://github.com/tommite/pubs-code/tree/master/etricror-omega/
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In the third iteration, the DM provides additional exemplary
assignments (see Table 8). As a result, the possible assignments for
4 zones have been tightened and the necessary ones have been
enriched (see Table 5, columns C3

PðaÞ and C3
NðaÞ). In case the DM is

not yet satisfied with the results, she may want to continue the
iterative process, either by adding some new assignments of
reference zones or by revising the previous judgments.

Note that in each iteration the DM can be supported by
displaying a single representative compatible outranking model.
Such a representative model may be obtained by maximizing ε, s.t.
EðARÞ. Representative models selected in this way for the three
iterations of the case study are presented in Fig. 2. The outranking
preference model may be easier to explain to the DM through
these values: for example, the representative model in the third
iteration has the majority threshold λ� 0:76 and the criteria
weights: w1 � 0:09, w2 ¼w5 � 0:26, w3 � 0:23, and w4 � 0:16. As
a result, when referring to this representative model, the out-
ranking relation holds if one of the following coalitions of criteria
fully supports it: fg1; g2; g3; g5g, fg1; g2; g4; g5g, or fg2; g3; g4; g5g
(e.g., in the latter case, w2þw3þw4þw5 � 0:9140:76).

We also analyzed the same problem with the revised assign-
ment rules and respective algorithms from Section 5. In all three
iterations, the possible and necessary assignments (Table 5) as
well as the selected representative outranking models (Fig. 2)
were exactly the same as the ones obtained with the original
assignment procedures of Electre Tri-C. This suggests that the
impact of using the revised assignment rules on the space of
compatible outranking models and the sorting recommendation is
rather minor.

Our previous work [31] developed inference programs for
sorting procedures applying general multi-attribute value func-
tions, and augmented the possible relations with information
about the shares of compatible models assigning alternatives to
the different classes. With general value functions the conditions
for inferring additional necessary relations apart from the transi-
tivity of ≿ are very specific [39], and the resulting ranges of
possible assignments are often rather wide, whereas the set of
necessary assignments is often empty (see e.g. [40,41]). Therefore,
additional information in the form of shares of the compatible
models can be very useful when applying general additive value

models. Conversely, when applying sets of outranking sorting
models parameterized with the intra-criterion parameters
(thresholds) and the characteristic class profiles, the space of
compatible models is considerably smaller. Thus, the width of
the possible class assignments may decrease greatly when restrict-
ing the set of models with additional assignment examples (see
Table 5). Therefore, less preference information is required for
arriving at a final recommendation with the more restrictive
outranking preference model than with general value functions.

8. Conclusions

We presented a new approach for multiple criteria sorting
problems using characteristic profiles for defining the classes,
similarly to the Electre Tri-C method. The order of the extreme
classes indicated by the Electre Tri-C assignment rules vary
depending on the considered outranking model. We reformulated
the rules to indicate the worst and best classes for each alternative
in an unambiguous way, therefore enhancing interpretability of
the sorting recommendation.

We also introduced a disaggregation procedure for inferring a
set of outranking models compatible with the possibly imprecise
assignment examples. In this way, we avoid asking the DM directly
for the model parameter values. We considered a model with
unknown criteria weights and majority threshold, and additionally
accounted for inferring the comparison and veto thresholds as
well as the characteristic class profiles. We adapted Electre Tri-C
for analyses with sets of outranking models. For each alternative,
we determined the possible and necessary assignments.

Finally, we revised the assignment procedures of Electre Tri-C
so, that the space of compatible outranking models S is convex
and there are no class jumps in the possible assignment. The
introduced approaches were illustrated by re-analyzing a real-
world problem of sorting land zones into four classes representing
different risk levels.

We envisage the following developments of the proposed
approach:

� inclusion of new types of preference information, such as
desired class cardinalities [42,43],

� higher variety of results, for example, assignment-based pre-
ference relations [31], and

� extensions of the method for group decision making problems.
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Appendix A. Discussion of possible relations between an
alternative a and the characteristic profiles

There are three possible settings concerning relations between
a and B¼ fb0;…; btþ1g:

1. If there are only preference relations between a and B (� and R
are empty), then (hAf0;…; tg: agb0, agb1;…; agbh,
bhþ1ga;…; btþ1ga. According to the descending rule, the
highest index ϕ such that a is preferred to bϕ is ϕ¼ h. Thus, if
σða; bhþ1Þoσðbh; aÞ, then class Ch is selected for the assignment
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Fig. 2. Criteria importance coefficients ðw1�w5Þ and majority threshold λ obtained
for the selected compatible outranking models in the three iterations.
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of a;otherwise, Chþ1 is selected. According to the ascending
rule, the lowest index φ such that bφ is preferred to a is
φ¼ ðhþ1Þ. Thus, if σða; bhþ1Þ4σðbh; aÞ, Chþ1 is selected for the
assignment of a;otherwise, Ch is selected. Consequently, the
two rules select either the same class: Ch (in case
σða; bhþ1Þoσðbh; aÞ) or Chþ1 (in case σða; bhþ1Þ4σðbh; aÞ) or
the ascending rule selects class Ch and the descending rule
Chþ1 (in case σða; bhþ1Þ ¼ σðbh; aÞ). See Table 2 (columns I–III).

2. If a is indifferent to at least one characteristic profile, then
(hAf0;…; t�1g, (sAfhþ1;…; tg: agb0, agb1;…; agbh�1,
a� bh;…; a� bs, bsþ1ga;…; btþ1ga. According to the des-
cending rule, the highest index ϕ such that a is indifferent to bϕ
is ϕ¼ s. Since σða; bsþ1Þoσðbs; aÞ, then class Cs is selected for
the assignment of a. According to the ascending rule, the lowest
index φ such that a is indifferent to bφ is φ¼ h. Since
σða; bhÞ4σðbh�1; aÞ, Ch is selected for the assignment of a.
Consequently, a is assigned to a range of classes ½Ch;Cs� (see
Table 3 (column VIII)). If h¼s, then a is assigned precisely to Ch
(see Table 2 (column IV)).

3. If a is incomparable to at least one characteristic profile, then
(hAf0;…; t�1g, (sAfh;…; tg: agb0, agb1;…; agbh�1,
aRbh;…; aRbs, bsþ1ga;…; btþ1ga. According to the descend-
ing rule, the lowest index φ such that a is incomparable to bφ is
φ¼ h. Thus, if σða;bhÞZσðbh�1; aÞ, then class Ch is selected for
the assignment of a; otherwise, Ch�1 is selected. According to
the ascending rule, the highest index ϕ such that a is incom-
parable to bϕ is ϕ¼ s. Thus, if σða; bsþ1Þrσðbs; aÞ, then class Cs
is selected for the assignment of a; otherwise, Csþ1 is selected.
Consequently, an alternative a is assigned to one of the
following ranges of classes: ½Ch;Cs�, ½Ch;Csþ1�, ½Ch�1;Cs� (see
Table 3 (columns IX–XI )). For the case h¼s, see Table 2
(columns V–VII). Note that an interval of classes ½Ch�1;Csþ1�
cannot be indicated by the joint rules, because it is not possible
that σða; bhÞoσðbh�1; aÞ and σða; bsþ1Þ4σðbs; aÞ for hrs.

Appendix B. Proof of correctness of the inference procedures
from Section 4.3

B.1. Proof of correctness of the inference procedure for the worst
desired class

The following conditions prevent an from being assigned to a
class CLDM ðanÞ�1 or worse:

� The descending rule: cðan; bLDM ðanÞ�1ÞZλ and cðan; bLDM ðanÞÞZ
cðbLDM ðanÞ�1; a

nÞ. Note that if cðan; bLDM ðanÞ�1Þoλ, then the class
indicated by the descending rule is at most CLDM ðanÞ�1. Hence
cðan; bLDM ðanÞ�1ÞZλ is required. Further, even if this condition is
satisfied, an can be assigned to CLDM ðanÞ�1 if cðan; bLDM ðanÞÞo
cðbLDM ðanÞ�1; a

nÞ. Hence cðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a
nÞ is required.

� The ascending rule: cðbLDM ðanÞ�1; a
nÞoλ and cðan; bLDM ðanÞÞ4

cðbLDM ðanÞ�1; a
nÞ. Note that if cðbLDM ðanÞ�1; a

nÞZ λ, then the class
indicated by the ascending rule is at most CLDM ðanÞ�1. Hence
cðbLDM ðanÞ�1; a

nÞZλ is required. Further, even if this condition is
satisfied, an can be assigned to CLDM ðanÞ�1 if cðan; bLDM ðanÞÞr
cðbLDM ðanÞ�1; a

nÞ. Hence cðan;bLDM ðanÞÞ4cðbLDM ðanÞ�1; a
nÞ is required.

Analysis of Tables 2 and 3 indicates that if an is not incompar-
able to bLDM ðanÞ, the following conditions are sufficient to prevent an

from being assigned to a class CLDM ðanÞ�1 or worse:

½cðan; bLDM ðanÞ�1ÞZλ� and ½cðbLDM ðanÞ�1; a
nÞoλ� and ½cðan; bLDM ðanÞÞ

4cðbLDM ðanÞ�1; a
nÞ�: ðB:1Þ

If an is incomparable to bLDM ðanÞ (i.e., ½λ4cðan; bLDM ðanÞÞ� and
½λ4cðbLDM ðanÞ; a

nÞ� ), the following conditions need to be satisfied:

½cðan; bLDM ðanÞ�1ÞZλ� and ½cðbLDM ðanÞ�1; a
nÞoλ� and ½cðan; bLDM ðanÞÞ

ZcðbLDM ðanÞ�1; a
nÞ�: ðB:2Þ

Combining (B.1) and (B.2) leads to

½cðan; bLDM ðanÞ�1ÞZλ� and ½cðbLDM ðanÞ�1; a
nÞoλ� and f½cðan;bLDM ðanÞÞ

4cðbLDM ðanÞ�1; a
nÞ�

or f½cðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a
nÞ�

and ½λ4cðan; bLDM ðanÞÞ� and ½λ4cðbLDM ðanÞ; a
nÞ�gg; ðB:3Þ

which is equivalent to (8).
Constraint set ELðan; LDMðanÞÞ corresponds to the set of condition

(8). Note that if vL¼0, then cðan;bLDM ðanÞÞ4cðbLDM ðanÞ�1; a
nÞ and

constraint set ðEL41�3Þ is always satisfied, which is equivalent to
its elimination. Otherwise, if vL¼1, and the following conditions
hold:

f½cðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a
nÞ� and ½λ4cðan; bLDM ðanÞÞ� and

½λ4cðbLDM ðanÞ; a
nÞ�g;

in which case ðEL3Þ is eliminated.

B.2. Proof of correctness of the inference procedure for the best
desired class

The following conditions prevent an from being assigned to a
class CRDM ðanÞþ1 or better:

� The descending rule: cðan; bRDM ðanÞþ1Þoλ and cðbRDM ðanÞ; a
nÞ4

cðan;bRDM ðanÞþ1Þ. Note that if cðan; bRDM ðanÞþ1ÞZλ, then the class
indicated by the descending rule is at least CRDM ðanÞþ1. Hence
cðan;bRDM ðanÞþ1Þoλ is required. Further, even if this condition
is satisfied, an can be assigned to CRDM ðanÞþ1 if cðbRDM ðanÞ; a

nÞr
cðan;bRDM ðanÞþ1Þ. Hence cðbRDM ðanÞ; a

nÞ4 cðan; bRDM ðanÞþ1Þ is
required.

� The ascending rule: cðbRDM ðanÞþ1; a
nÞZλ and cðbRDM ðanÞ; a

nÞZ
cðan;bRDM ðanÞþ1Þ. Note that if cðbRDM ðanÞþ1; aÞoλ, then the class
indicated by the ascending rule is at least CRDM ðanÞþ1. Hence
cðbRDM ðanÞþ1; a

nÞZλ is required. Further, even if this condition is
satisfied, an can be assigned to CRDM ðanÞþ1 if cðbRDM ðanÞ; a

nÞocðan;

bRDM ðanÞþ1Þ. Hence cðbRDM ðanÞ; a
nÞZcðan; bRDM ðanÞþ1Þ is required.

Analysis of Tables 2 and 3 indicates that if an is comparable to
bRDM ðanÞ, the following conditions are sufficient to prevent an from
being assigned to a class CRDM ðanÞþ1 or better:

½cðbRDM ðanÞþ1; a
nÞZλ� and ½cðan; bRDM ðanÞþ1Þoλ� and ½cðbRDM ðanÞ; a

nÞ
4cðan; bRDM ðanÞþ1Þ�: ðB:4Þ

If an is incomparable to bRDM ðanÞ (i.e., ½λ4cðan; bRDM ðanÞÞ� and
½λ4cðbRDM ðanÞ; a

nÞ�), the following conditions need to be satisfied:

½cðbRDM ðanÞþ1; a
nÞZλ� and ½cðan; bRDM ðanÞþ1Þoλ� and ½cðbRDM ðanÞ; a

nÞ
Zcðan; bRDM ðanÞþ1Þ�: ðB:5Þ

Combining (B.4) and (B.5) leads to

½cðbRDM ðanÞþ1; a
nÞZλ� and ½cðan; bRDM ðanÞþ1Þoλ� and f½cðbRDM ðanÞ; a

nÞ
4cðan; bRDM ðanÞþ1Þ�
or f½cðbRDM ðanÞ; a

nÞZcðan;bRDM ðanÞþ1Þ�
and ½λ4cðan; bRDM ðanÞÞ� and ½λ4cðbRDM ðanÞ; a

nÞ�gg; ðB:6Þ

which is equivalent to (9).
Constraint set EUðan;RDMðanÞÞ corresponds to the set of (9). The

explanation is analogous to the one of ELðan; LDMðanÞÞ in Appendix B.1.
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Appendix C. Inconsistency analysis

If there is no instance of the outranking model compatible with
the preference information, i.e. EðARÞ is infeasible or εnr0, the DM
is asked to revise her preference information. In order to identify
reasons of incompatibility, let us associate with each assignment
example an-½CLDM ðanÞ;CRDM ðanÞ� a new binary variable van . Using
this binary variable, we rewrite the set of constraints Eðan-

½CLDM ðanÞ;CRDM ðanÞ�Þ as follows:

ðEL1Þ0 M � van þcðan;bLDM ðanÞ�1ÞZλ;

ðEL2Þ0 �M � van þcðbLDM ðanÞ�1; a
nÞþεrλ;

…
ðEU43Þ0 M � van þM � ð1�vRÞþλZcðbRDM ðanÞ; aÞþε;

ðELU5Þ0 van ; vL; vRAf0;1g:

9>>>>>>>>=
>>>>>>>>;

Eðan-½CLDM ðanÞ;CRDM ðanÞ�Þ0

If van ¼ 1, then the corresponding constraint set is satisfied with all
parameter values, which is equivalent to its elimination. Identify-
ing a minimal subset of conflicting exemplary assignments can be
performed by solving the following MILP problem:

Min : ∑
an AAR

van ; ðC:1Þ

s.t.:

EðBASEÞ;
Eðan-½CLDM ðanÞ;CRDM ðanÞ�Þ0 for all anAAR:

9>>=
>>; EðARÞ0

The optimal solution of the above problem indicates the subset of
smallest cardinality that is the cause of incompatibility. The other
subsets can be obtained following the general scheme for dealing
with incompatibility as presented in [44].

Appendix D. Proof of correctness of the inference procedures
from Section 4.4

D.1. Proof of correctness of the inference procedure for the possible
assignment

If any binary variable v involved in the formulation of ENLða;hÞ
is 1, then the corresponding condition holds. If v¼0, the respective
constraint is always satisfied, and thus eliminated. ðLP7Þ guaran-
tees that either ðLP1Þ or ðLP2Þ or ðLP3Þ is instantiated with 1. This
ensures that one of the following conditions is satisfied:

cða; bhÞoλ or cðbh; aÞZλ or cðbh; aÞZcða; bhþ1Þ:
If cðbh; aÞZcða; bhþ1Þ was satisfied (i.e., vL3 ¼ 1), then ðLP8Þ ensures
that either ðLP4Þ or ðLP5Þ or ðLP6Þ is instantiated with 1, i.e. one of
the following constraints holds:

cðbh; aÞ4cða;bhþ1Þ or cða; bhþ1ÞZλ or cðbhþ1; aÞZλ:

Constraint set ENLða;hÞ ensures that the set of conditions ensuring
that Chþ1 is the worst class to which an alternative aAA is
assigned to, is not satisfied. Thus, :ðLSðaÞZhþ1Þ ) LSðaÞrh.
Analogously, the constraint set ðUP1�9Þ guarantees that Ch�1 is
not the best class which an alternative aAA is assigned to. Thus,
:ðRSðaÞrh�1Þ ) RSðaÞZh.

The constraint set EðARÞ defines the set of outranking models S
compatible with the DM's preference information. Hence
Eða-PChÞ has the necessary constraints for assigning a to the
range of classes ½CLS ðaÞ;CRSðaÞ�, such that LSðaÞrhrRSðaÞ, for a
compatible outranking model SAS. If Eða-PChÞ is feasible and
εn ¼max ε s:t: Eða-PChÞ40, then there exists at least one com-
patible outranking model SAS assigning a to Ch. Hence hACPðaÞ.

D.2. Proof of correctness of the inference procedure for the necessary
assignment

To check whether a is assigned to a class at least as good as
Chþ1 for some SAS, we need to consider the set of constraints
Eða-PCZhþ1Þ. Constraint set ELða;hþ1Þ guarantees that a will be
assigned to a class CϕZhþ1. Constraint set EðARÞ defines the set of
outranking models S compatible with the DM's preference infor-
mation. Hence Eða-PCZhþ1Þ has the necessary constraints for
assigning a to a class better than Ch for a compatible outranking
model SAS. If Eða-PCZhþ1Þ is feasible and εn ¼max ε s:t:
Eða-PCZhþ1Þ40, then (SAS assigning a to a class worse than
Ch. On the contrary, if Eða-PCZhþ1Þ is infeasible or εn ¼
max ε s:t: Eða-PCZhþ1Þr0, then all compatible outranking mod-
els SAS assign a to a class range whose lower bound is not better
than Ch.

To verify whether a is assigned to a class worse than Ch for
some SAS, we need to consider set of constraints Eða-PCrh�1Þ.
Constraint set EUða;h�1Þ guarantees that a will be assigned to a
class Cϕrh�1. Proceeding analogously to the procedure for ver-
ification if ∄SAS, such that LSðaÞZhþ1, we conclude that if
Eða-PCrh�1Þ is infeasible or εn ¼max ε s:t: Eða-PCrh�1Þr0,
then all compatible outranking models SAS assign a to a class
range whose upper bound is not worse than Ch.

If a is neither assigned to a class at least Chþ1 nor to a class at
most Ch�1 with any compatible outranking model SAS, then a is
assigned to Ch by all SAS.

Appendix E. Proof of no class jumps-property for necessary
assignments of Electre Tri-C

Proof. By the definition of assignment procedures of Electre Tri-C,
each compatible outranking model SAS provides recommenda-
tion formed by the set of contiguous classes ½LSðaÞ;RSðaÞ�, 8aAA.
Now, if ⋂SAS ½LSðaÞ;RSðaÞ� ¼∅⟹CNðaÞ ¼∅. Otherwise, if
⋂SAS ½LSðaÞ;RSðaÞ�a∅, the contiguity of ½LSðaÞ;RSðaÞ�, SAS, implies
that CN(a) is formed by the set of contiguous classes, i.e.
CNðaÞ ¼ ½LNðaÞ;RNðaÞ�. □

Appendix F. Proof of correctness of the reformulated Electre
Tri-C assignment rules

F.1. Proof of correctness of the Electre Tri-C assignment rule
indicating the worst class

See proof of Theorem 1 on why a is not assigned to a class Ch or
worse. The order of verification of the underlying conditions (from
the best profile to the worst one) implies that bh is the best profile
for which (15) is satisfied. Thus, Cj, j4hþ1 is certainly not the
worst class a can be assigned to.

F.2. Proof of correctness of the Electre Tri-C assignment rule
indicating the best class

See proof of Theorem 2 on why a is not assigned to a class Ch or
better. The order of verification of the underlying conditions (from
the worst profile to the best one) implies that bh is the best profile
for which (16) is satisfied. Thus, Cj, joh�1 is certainly not the best
class a can be assigned to.
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Appendix G. Proof of no class jumps-property for possible
assignments of Electre Tri-rC

Proof. Proceed by induction on δh; the base case is δh ¼ 2. For
S0AS, a is assigned to class at most Ch iff bhþ1ga (i.e.,
ηðbhþ1; a; S

0ÞZ0 and ηða; bhþ1; S
0Þo0) and cðbh; aÞ4cða; bhþ1Þ (see

(18)). For S″AS, a is assigned to class at least Chþ2 iff agbhþ1 (i.e.,
ηða; bhþ1; S″ÞZ0 and ηðbhþ1; a; S″Þo0) and cða; bhþ2Þ4cðbhþ1; aÞ
(see (17)). Now, a is assigned to Chþ1 if :ðagbhþ1Þ and
:ðbhþ1gaÞ or some other conditions are satisfied (see constraint
set E0ða-PChÞ). :ðagbhþ1Þ and :ðbhþ1gaÞ implies a� bhþ1 or
aRbhþ1. Since S is convex, all Sn such that

ηða; bhþ1; S
nÞ ¼ αηða;bhþ1; S

0Þþð1�αÞηða; bhþ1; S″Þ;
ηðbhþ1; a; S

nÞ ¼ βηðbhþ1; a; S
0Þþð1�βÞηðbhþ1; a; S″Þ;

for α;βA ½0;1�, are contained in S. Given that ηða; bhþ1; SÞ and
ηðbhþ1; a; SÞ are continuous functions that change sign from S0 to
S″, there must exist SnAS, such that at the same time either
ηða; bhþ1; S

nÞZ0 and ηðbhþ1; a; S
nÞZ0 or ηða; bhþ1; S

nÞo0 and
ηðbhþ1; a; S

nÞo0. In the previous case, a� bhþ1; in the latter case,
aRbhþ1. These conditions are sufficient for assigning a to class
Chþ1. This concludes the proof for δh ¼ 2. The induction assump-
tion is that the Theorem holds for δh ¼ΔZ2. Now, to prove that
the Theorem holds for δh ¼Δþ1, proceed analogously to
δh ¼ 2. □

Appendix H. Inferring additional parameters of the
outranking model from assignments examples

In this section, we consider a variant of the outranking model
assuming that the indifference qj and preference pj thresholds
need to be equal, so there is no ambiguity zone. Thus, in what
follows, we will refer only to the preference threshold pj. In order
to construct an outranking model, the DMmay provide constraints
(or, in particular, precise values) concerning characteristic profiles
bh, h¼ 1;…; t, and preference thresholds pj, j¼1,…,n. Additionally,
she may define constraints on the weights wj, j¼ 1;…;n, and on
the majority threshold λ.

The binary variables ψ jðx; yÞ, j¼ 1;…;n, represent the partial
concordance indices such that ψ jðx; yÞ ¼ 1 if the performance of
alternative x on gj is not worse than the performance of the
characteristic profile y by more than the preference threshold pj.
The continuous variables cjðx; yÞ represent the weighted partial
concordance indices such that cjðx; yÞ ¼wj if ψ jðx; yÞ ¼ 1, and
cjðx; yÞ ¼ 0, otherwise. Consequently, the base model is defined
with the following set of constraints:

∑
n

j ¼ 1
wj ¼ 1;

∑
n

j ¼ 1
cjðbh; bhþ1Þþεrλ; h¼ 1;…; t�1;

0:5rλr1:0;
for j¼ 1;…;n;

0rwjr1;
gjðbh�1ÞrgjðbhÞ; h¼ 1;…; tþ1;
ψ jðx; yÞZ1=M � ½ðgjðxÞ�gjðyÞþpjÞþε�;
ψ jðx; yÞr1=M � ½gjðxÞ�gjðyÞþpj�þ1;
0rpjrgjðbtþ1Þ�gjðb0Þ;
cjðx; yÞrwj;

cjðx; yÞZ0;
cjðx; yÞrψ jðx; yÞ;
cjðx; yÞZψ jðx; yÞþwj�1;
ψ jðx; yÞAf0;1g;

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

EðBASEÞ

where M is an arbitrary positive large value ensuring that
�1o1=M � ½gjðxÞ�gjðyÞþpj�o1 and ε is an arbitrary small
positive value.

Appendix I. Inferring veto thresholds from assignment
examples

The approach presented in this paper remains valid for the
original definition of credibility in the Electre Tri-B method [12].
However, the use of such a model in the context of indirect
preference information is limited by the weak efficiency of non-
linear mixed integer programming solvers. Nevertheless, we can
reformulate the inference procedures discussed so that the cred-
ibility degree is defined as in Section 2. For the sake of brevity, let
us present only the equivalent form of ELðan; LDMðanÞÞ (the other
constraint sets are reformulated similarly):

ðEL1V
1 Þ cðan; bLDM ðanÞ�1ÞZλ

ðEL1V
2 Þ gjðbLDM ðanÞ�1Þ�gjðanÞþεrvj; j¼ 1;…;n;

ðEL2V
1 Þ cðbLDM ðanÞ�1; a

nÞþεrλþM0ðbLDM ðanÞ�1; a
nÞ;

ðEL2V
2 Þ gjðbLDM ðanÞ�1Þ�gjðanÞZvj�δMjðbLDM ðanÞ�1; a

nÞ;

ðEL2V
3 Þ ∑

n

j ¼ 0
MjðbLDM ðanÞ�1; a

nÞrn;

ðEL2V
4 Þ MjðbLDM ðanÞ�1; a

nÞAf0;1g; j¼ 0;…;n;

ðEL3V
1 Þ M � vLþcðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a

nÞþε�M1;

ðEL3V
2 Þ gjðbLDM ðanÞÞ�gjðanÞþεrvj; j¼ 1;…;n;

ðEL3V
3 Þ ∑

n

j ¼ 1
MjðbLDM ðanÞ�1; a

nÞrn�1þM2:

ðEL3V
4 Þ M1þM2r1;

ðEL4V
11Þ M � ð1�vLÞþcðan; bLDM ðanÞÞZcðbLDM ðanÞ�1; a

nÞ�M3;

ðEL4V
12Þ gjðbLDM ðanÞÞ�gjðanÞþεrvjþδM3; j¼ 1;…;n;

ðEL4V
13Þ M2þM3r1;

ðEL4V
21Þ M � ð1�vLÞþλZcðan; bLDM ðanÞÞþε�M0ðan; bLDM ðanÞÞ;

ðEL4V
22Þ gjðbLDM ðanÞÞ�gjðanÞZvj�δMjðan; bLDM ðanÞÞ;

ðEL4V
23Þ ∑

n

j ¼ 0
Mjðan; bLDM ðanÞÞrn;

ðEL4V
24Þ Mjðan; bLDM ðanÞÞAf0;1g; j¼ 0;…;n;

ðEL4V
31Þ M � ð1�vLÞþλZcðbLDM ðanÞ; a

nÞþε�M0ðbLDM ðanÞ; a
nÞ;

ðEL4V
32Þ gjðanÞ�gjðbLDM ðanÞÞZvj�δMjðbLDM ðanÞ; a

nÞ;

ðEL4V
33Þ ∑

n

j ¼ 0
MjðbLDM ðanÞ; a

nÞrn;

ðEL4V
34Þ MjðbLDM ðanÞ; a

nÞAf0;1g; j¼ 0;…;n;

ðEL5V Þ vL;M1;M2;M3Af0; 1g;

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ELðan; LDMðanÞÞV

where δ is an arbitrary positive large value.
In the original formulation the constraint ðEL1Þ guaranteed that

the concordance test for an ordered pair ðan; bLDM ðanÞ�1Þ is positive.
After reformulation, ðEL1V Þ ensures that both concordance and
non-discordance tests are positive, which means that concordance
index cðan; bLDM ðanÞ�1Þ is required to be Zλ, and that an is not
significantly worse than bLDM ðanÞ�1 on any criterion. On the other
hand, the original constraint ðEL2Þ guaranteed that the concor-
dance test for an ordered pair ðbLDM ðanÞ�1; a

nÞ is negative. Instead,
constraint set ðEL2V Þ ensures that either concordance index
cðbLDM ðanÞ�1; a

nÞ is required to be less than a majority threshold λ,
or there is at least one criterion gj for which an is evaluated better
than bLDM ðanÞ�1 by more than a veto threshold vj. Other constraints
are reformulated similarly.
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