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We present a new multiple criteria sorting approach that uses characteristic profiles for defining the
classes and outranking relation as the preference model, similarly to the Electre Tri-C method. We
reformulate the conditions for the worst and best class assignments of Electre Tri-C to increase
comprehensibility of the method and interpretability of the results it delivers. Then, we present a
disaggregation procedure for inferring the set of outranking models compatible with the given
preference information, and use the set in deriving, for each decision alternative, the necessary and
possible assignments. Furthermore, we introduce simplified assignment procedures and prove that they
maintain a no class jumps-property in the possible assignments. Application of the proposed approach is
demonstrated by classifying 40 land zones in 4 classes representing different risk levels.
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1. Introduction

In the multiple criteria sorting problem (also called ordinal
classification), decision alternatives are assigned to one or more
homogeneous classes based on their evaluations on multiple
attributes. The classes considered here are ordered and pre-
defined, which means that they, unlike clusters [1], do not result
from the analysis. For example, the submitted papers need to be
assigned to categories reject, weak reject, weak accept, or accept,
and employees may be acknowledged for their performance with
a low, medium or high bonus. Indeed, sorting is an important
decision problem in fields such as finance [2,3] and environmental
risk assessment and management [4-6].

In this paper we consider multi-criteria sorting problems
applying the non-compensatory outranking preference model
(for some recent advances and applications of outranking-based
approaches see [7-11]). The most well-known among such meth-
ods is Electre Tri-B [12] that employs boundary profiles for
modeling the frontiers between two consecutive classes. However,
in some decision situations the frontiers between the classes have
no objective existence because the separation between the con-
secutive classes can be conceived in several ways. In Electre Tri-C
[13] the alternatives are not compared against the class
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boundaries, but rather with characteristic profiles that are formed
from the representative attribute values for each class. For each
decision alternative, Electre Tri-C results in an assignment in form
of an interval of classes. The aim of the current paper is to make
Electre Tri-C more usable in real-life analyses by introducing the
following four advances.

First of all, we reformulate the two Electre Tri-C assignment
procedures whose outcomes delimit a resulting interval of classes
for each alternative. Depending on the results of a comparison of
an alternative with the characteristic profiles, the order of classes
indicated by the descending and ascending assignment rules may
vary. That is, with some outranking models the ascending rule
may indicate an assignment to a better class than the descending
rule, whereas with other models the order can be reversed. While
respecting the assumptions and providing the same results as
Electre Tri-C, the reformulated assignment procedures indicate the
lower and upper classes unambiguously. Discovering the precise
conditions for the extreme class assignments is important for two
reasons. First, it increases the transparency of the method. Second,
the reformulated procedures support the explanation of the
results in natural language, thus increasing the comprehensibility
of the sorting recommendation.

The second aim of the paper is to introduce a disaggregation
procedure for inferring the parameters for the preference model
used in Electre Tri-C. As in other sorting methods that apply the
outranking preference model, it is not realistic to assume that the
Decision Maker (DM) can provide exact values for all the para-
meters. Some of them can be defined by the DM fairly easily
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(comparison thresholds, class profiles) [12], but others (criteria
weights and the majority threshold) are harder to elicit [14-16].
Although Electre Tri-C has been found appropriate for the context
of real-world problems in project management [17], environmen-
tal modeling and assessment [18,19], tourism [20], and medical
diagnosis [21], most of these studies report problems settings with
precise values for the inter-criteria model parameters (for discus-
sion on eliciting precise values for the weights and the majority
threshold in Electre Tri-C, see, respectively, [21] and [17]).

We generalize the disaggregation procedure to account for
imprecise assignment examples. In this way, we provide the first
disaggregation approach for outranking-based sorting methods
that admits specification of interval assignments. This increases
the flexibility of the preference elicitation process by allowing
preference statements reflecting hesitation with respect to the
desired assignment (e.g., “a should be assigned to class medium or
good”) as well as these concerning classes excluded from the set of
desired assignments (e.g., “b should not be assigned to class bad”).
The main challenge in designing a disaggregation procedure for
Electre Tri-C is that its assignment rules indicate an interval of
classes. Due to this imprecision the conditions for assigning an
alternative a to a certain interval of classes [C;pu, Cpon], L° < RPM,
cannot be derived directly from the respective sorting rules.
Instead, one must guarantee that a is assigned neither to a class
worse than C;o» nor better than Cgow.

Our procedures infer a set of Electre Tri-C models from assign-
ment examples. To avoid an arbitrary definition or selection of a
single model for the final classification, the third aim of the paper
involves the adaptation of the Robust Ordinal Regression (ROR)
methodology [16,22-25] to outranking-based multiple criteria
sorting. By exploiting the whole set of compatible Electre Tri-C
models, we compute the necessary and possible assignments for
each alternative, that is, assignments that hold for all or at least
one compatible model, respectively. The necessary and possible
assignments are computed through Mixed-Integer Linear Pro-
gramming (MILP).

Using the proposed approach, the DM can initially introduce
only a few representative reference alternatives that she considers
appropriate to be assigned to some classes. Then, we allow the
progressive incorporation of preference information in the context
of an outranking model assumed by Electre Tri-C, which makes it
easier to associate each assignment example individually with
changes in the necessary and possible assignments. Analysis of
these results may stimulate the DM to interactively specify
possibly imprecise assignment examples. Such interaction can be
particularly useful for constructive preference learning [22]. Let us
note that in the recent Electre Tri-nC method [26] each class may
be also defined with several characteristic profiles. Contrary to our
proposal, Electre Tri-nC requires the profiles to be provided at
once, and employs them within a standard aggregation procedure
for computing the alternatives’ final assignments.

The fourth aim of this paper is to introduce revised, simpler
versions of Electre Tri-C assignment procedures, called Electre Tri-
rC. The results obtained with the revised procedures differ from
those of Electre Tri-C only in very specific problem instances. The
new procedures have significant implications for the ROR
approach because the space of compatible outranking models is
now convex. Consequently, we are able to prove a no class jumps-
property for the possible assignments computed with the revised
procedures, leading to easier interpretation of its results. Let us
emphasize that this desirable property does not hold for the
possible assignments obtained with a set of Electre Tri-B models
(see [27]).

We continue by introducing the outranking preference model
in Section 2 and rest of the Electre Tri-C method in Section 3.
Section 4 presents the disaggregation approach for Electre Tri-C,

procedures for computing the necessary and possible assignments,
and the reformulated assignment procedures. Section 5 introduces
Electre Tri-rC, and adapts the previous formulations to the revised
assignment procedures. Section 6 describes a decision aiding
process for the proposed approach. Section 7 demonstrates the
use of the approach by analyzing an example. Section 8 concludes.

2. The outranking preference model
We use the following notation:

® A={ay,a,,...,q;,...} — a set of decision alternatives.

® F={g,....8....&} — a consistent family of n criteria, g; : A—R;
we assume, without loss of generality, that all criteria are
maximized, i.e. the attractiveness increases with the criterion
performance increase.

® (Cq,...,Cp,...,Ce with t>2 - a set of pre-defined completely
ordered (from the worst to the best) classes so that Cy . is
preferred to Cp, h=1,...,t—1; each class is defined with a
characteristic profile! by,

® AR —(a%,a3,...) - a finite set of reference alternatives on which
the DM accepts to express preferences. We assume that AR < A.

The binary outranking relation corresponding to the statement
“at least as good as” is denoted by xSy, and its negation by xS°.
The outranking preference model applies pseudo-criteria [28] that
models per-criterion attractiveness with indifference (q;(x)) and
preference (pj(x)) thresholds defined either as affine functions or
constant values so that if

18;(x) — &g (W)l < g;j(x), x is indifferent to y, denoted xI;y,
8i(%)—g;(¥) = p;(x), x is strictly preferred to y, denoted xP;y,
q; <&(X)—gj(y) <pj(x), x isweakly preferred to y, denoted xQ;y.

(M

A set of importance coefficients (weights) w; >0, j=1,...,n, is
associated with the set of criteria. Without loss of generality, we
assume that 37_,w; = 1. Computing the outranking relation for a
pair (x,y) involves the computation of a comprehensive concor-
dance index c(x,y), which represents the strength of the coalition
of criteria being in favor of xSy:

)= ¥ o= 3w gy @
i= i=
where
¢](X’y) =
0 if g;(y)—g(%) = p;),
1 if g;(y)—g;(®) < q;(x),
[D;(%) — (g;(¥) —g;xN)/[P;(®0) — q;(x)]  if g;(x) < g;(y)—gj(x) < p;(x).
3)

Veto thresholds vi(x) such that vj(x) > p;(x), can be used to
model the effect that an alternative cannot be at least as good as
another if it has too low performance in even one of the attributes,
i.e.,, the criterion “vetoes” against the outranking. When these are
used, the outranking computation needs to take into account
additionally the discordance indices d;(x,y):

1 if gj(y)—gj(x) = vj(x),
dj(x.y) = { 0 if gi(y)—gix) < V(). @

"' In [13] the by, h=1,...,t—1, are called characteristic reference alternatives,
but to avoid confusing them with the reference alternatives A® for which the DM
provides assignment examples, we call them characteristic profiles.
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Finally, let o(x,y) denote the credibility of the comprehensive
outranking of x over y:

oey) =cxy) 11 (1=, 5)
j=

Thus, 6(x,y) is equal to c(x,y) if Vg; e F there is no discordance (i.e.,
dj(x,y)=0) or discordance is not taken into account. Otherwise
there is at least one criterion gjeF for which dix,y)=1=
o(x,y) =0. Note that o(x,y) € [0, 1]. We assume that an outranking
relation xSy holds if o(x,y)>2A€[0.5,1], where A is a majority
threshold. S can be used also for representing weak (Q) and strict
(P) preference, indifference (~), and incomparability (R) as fol-
lows:

XSy AYSx < XxQy vxPy < x>y, where > ={Q U P},

XSy AYSX <= Xx~Y,
XSy AyS°x < XRy.

3. Electre Tri-C

Electre Tri-C is a sorting method for decision aiding contexts
where each class Cy, is defined through a characteristic profile b,
[13]. Let B={bg,b1,....,bp,...,b,b;, 1} denote the set of (t+2)
characteristic profiles. The two extreme profiles by and b, have
the worst and the best evaluations on all criteria, respectively (i.e.,
gj(bo) < gj(a) < gj(br+1) for all acA and gj e F). Moreover, Vg;€F,
gj(b1) > gj(bo) and gj(b. 1) > gj(by). Furthermore, the characteristic
profiles need to adhere to the following conditions:

® h, needs to dominate b,_;, h=1,...,t+1, ie. for h=1,...,
t—1, it holds that

vgieF, giby,1)=gby), and
igjeF: gj(bp1) > gj(bp), ®)

® b, does not outrank by, ¢, h=1,...,t—1, which follows from
the assignment of any characteristic profile by, to class C, by
the underlying assignment rules (see [13]), i.e.,

O'(bh,bh+])</’{, h=1,...,t7]. (7)

Electre Tri-C applies the descending and ascending assignment
rules to indicate the lower and upper classes, respectively, to
which an alternative could be assigned for a particular outranking
model.

Definition 1. The descending rule compares a successively to by,
forh=t+1,...,0, for a particular majority threshold 4, seeking for
the first characteristic profile by, such that o(a, by) > 4, i.e.,

(a) If h=t, select C; as a possible class to assign alternative a.

(b) If 0 <h < t: if o(by, a) > o(a, by, 1), then select C, as a possible
class to assign a; otherwise, select Cp,_, 1.

(c) If h=0, select C; as a possible class to assign a.

Definition 2. The ascending rule compares a successively to by, for
h=1,...,t+1, seeking for the first characteristic profile by, such
that o(by,a)> 1, i.e,

(a) If h=1, select C; as a possible class to assign alternative a.

(b) If 1<h<(t+1): if o(a,by) > o(b,_4,a), then select C, as a
possible class to assign a; otherwise, select Cp,_.

(c) If h=(t+1), select C; as a possible class to assign a.

Example 3.1. Consider a set of eleven alternatives A=
{aj,ay, ...,ay} and five classes {Cy,Cy,C3,C4,Cs} that are defined
with characteristic profiles B = {bg, b1, b2, b3, b4, bs, bg}, and a par-
ticular outranking preference model S. The credibility indices of
the comprehensive outranking of the alternatives over character-
istic profiles o(a;, b,), and vice-versa o(by, a;), for a; € A and b, € B,
are presented in Table 1. The chosen majority threshold 4 is equal
to 0.70. Table 1 contains also the relations ( >, ~, <, or R) for all
pairs of alternatives and profiles (a;, b,), as well as the classes
selected with the descending (D) and ascending (A) rules. These
two rules are always used together to indicate a range of classes
[Cis(ay Crs(o)] for alternative a.

Note that the order of outcomes of the descending and
ascending assignment rules may vary, i.e. with some outranking
models the ascending rule may indicate an assignment to a better
class than the descending rule, whereas with other models the
order can be reversed.

Definition 3. An assignment [Cps ., Cps(,,] for an alternative ae A
is said to be precise if [°(a)=R°(a), and imprecise in case
5(a) < R (a).

4. The disaggregation approach

The disaggregation approach presented here is restricted to the
inference of the weights w; and the majority threshold A. That is,
we assume that the intra-criterion preference information in the
form of preference and indifference thresholds p;>gq;>0,
j=1,...,n, and the set of characteristic profiles B={bq,...,
by, ...,b:} are given. In addition, we assume that no discordance
occurs, i.e. vj=oo. The appendices contain alternative formula-
tions that (i) allow the inference of preference thresholds and
characteristic profiles (Appendix H), and (ii) include the veto
thresholds (Appendix I).

4.1. Preference model

The set of compatible models is defined with the following set
of constraints:

n
B1) Y w=1,
j=1

n
(B2) ZCj(bh,bh+1)+€S/1, h=1,...,t-1,
i=1

(B3)05<1<1.0,

(B4 0<w;j<1.0, forj=1,....n.
forj=1,...n, V(x,y)eAxB, Y(x,y)eBxA
and V(x,y) = (b, bp.1), h=1,..,t-1,

(BS) ¢j(x,y) =w; - @;(x,y)

E(BASE)

where ¢ is an arbitrary small positive value and w; = cj(b; 1, bo).

Constraint (B1) normalizes the sum of weights of all criteria.
Constraint (B2) guarantees that b,Sb;, 1, h =1, ...,t— 1. Constraint
(B3) is related to the definition of the majority threshold A.
Constraint (B4) ensures that the weight of each criterion is within
the interval [0, 1]. This is necessary because the majority threshold
A describes the minimum sum of weights of criteria required to be
concordant with the outranking for it to hold. Often a more
restricted constraint 0 <w;<0.5 is appropriate as it models,
together with (B3), that no single criterion should be more
important than the others considered jointly. Constraint (B5)
guarantees that (2) and (3) hold.

In case the DM is able to provide inter-criteria preference
information, it can be represented as linear constraints for the
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Table 1

Assignments for the eleven examplary alternatives with the joint use of the descending (D) and ascending (A) rules for 1=0.7.

Alternative bo by b, b3 by bs be D A [Cls(a], Crso)
a o(ar, by) 10 10 10 09 05 03 0.0 G G [C3,C3]=C3
o(by, ay) 0.0 0.0 0.2 0.6 0.7 0.8 1.0
(a1, by) >~ >~ > >~ < < <
ay o(an, by) 1.0 10 10 09 06 03 0.0 Cs Cs [Ca.Cal=Ca
o(by, ay) 0.0 0.0 0.2 0.5 0.7 0.8 1.0
(an, bp) > > > > < < <
am (@, by) 10 10 10 09 06 03 0.0 Cs G [C3,Cal
a(bp, ayy) 0.0 0.0 0.2 0.6 0.7 0.8 1.0
(am, by) > > > > < < <
aw o(a, by) 10 10 09 0.7 03 01 0.0 G G [C3,C3]=C5
o(by, ay) 0.0 0.2 0.5 0.7 0.8 1.0 1.0
(awv, by) > > > ~ < < <
ay o(ay, by) 1.0 10 0.9 06 03 01 0.0 G G [C3,C5]=C3
o(by, ay) 0.0 02 03 05 08 1.0 10
(ay.by) > > > R < < <
Qyy a(ayy, bp) 1.0 1.0 0.9 0.6 0.5 0.1 0.0 Cs Cy [C3,C4]
by, av) 0.0 02 03 04 08 1.0 10
(avr. by) >~ > - R < < <
awn @y, by) 10 10 09 04 03 01 0.0 G G [C2,C3]
o(by, avy) 0.0 0.2 0.5 0.6 0.8 1.0 1.0
(avu, by) > > > R < < <
v (v, by) 10 10 10 10 08 03 0.0 Cs G [C3.Cal
(b, aviy) 0.0 0.2 0.5 0.9 1.0 1.0 1.0
(avm, bp) > > > ~ ~ < <
ax (@i, by) 1.0 10 09 06 05 03 0.0 G Cs [C3,Ca]
o(by, ax) 0.0 02 02 03 05 1.0 1.0
(ax, bp) > > > R R < <
ax o(ax, by) 10 10 09 06 06 05 0.0 G Cs [C3,Cs]
(b, ay) 0.0 02 02 03 04 10 10
(ax.by) > > > R R < <
axi o(ax, by) 10 10 09 04 03 02 0.0 G Ca [Cs,Cal
o(by, axy) 0.0 0.2 0.5 0.5 0.6 1.0 1.0
(axi, by) > > > R R < <

weights and/or A. For example, partial preference information can
be represented as Weight intervals,. (W, WS :>.W]’-“ >wj= Cj(bi11,
bo) = wj .. For other weight constraint formulations, see [29].

4.2. Assignment examples

To formulate a set of conditions that reproduce the assignment
a* —[Cpomguy, Cpomgy ], let us first study all possible relations
between an alternative a and the characteristic profiles B. For
each possible scenario, we are interested in:

® relation (>, ~, <, or R) that holds between a and b,
k=0,...t+1 (for explanation of >,~, <, and R, see
Section 2),

® comparison (>,>,=,< or <) between c(a,by,;) and
c(by,a), k=0, ...,t.

These results are sufficient for justifying the recommendation
provided by the assignment procedures of Electre Tri-C. For
example:

® if a compares with B as follows:
o for k=0,...,h—2:a> by and c(a, by, 1) > c(by, a), and

o a>by_1 and c(a,by)>c(b,_1,a) and a>b, and
c(a,by 1) <c(by,a) and a< by, 1, and
o for k=h+2,...,t+1:c(a,by) <c(by,_q,a) and a < by,

then both the ascending (A) and descending (D) rules result in
the precise assignment of a to class Cy, (this is denoted by [Cfl‘*D ).
The descending (ascending) rule indicates C,, because by, is the
best profile outranked by a (aSby) (by, is the worst profile
outranking a (b, 1Sa)), and, moreover, c(b,, a) > c(a, by, .. 1). This
scenario is exemplified in Table 1 by the comparison of a; with
the characteristic profiles {by, ..., bg} for the case h=3 and t=5.

if a compares with B as follows:

o fork=0,....h—2:a> by and c(a, by ) > c(by,a), and
a> by,_4 and c(a, by) > c(b,_1,a) and

for k=h,...,s, with h<s:a~ by, and

c(a,bs 1) <c(bs,a) and a < b, 1, and

for k=s+2,...,t+1:c(a,by) <c(by_1,a), and a < by,

O O O O

then the ascending (A) and descending (D) rules indicate,
respectively, C, and Cs, which results in the imprecise assign-
ment [C;,,Cs] (this is denoted by [C},CP]). In particular, the
descending (ascending) rule indicates C; (Cp), because by is the
best profile outranked by a (aShs) (by is the worst profile
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outranking a (bySa)), and, moreover, c(bs,a)> c(a,bs. 1)
(c(a,by) > c(by_1,a)). This scenario is exemplified in Table 1
by the comparison of ayy; with characteristic profiles {by, ..., b}
for the case h=3, s=4, and t=5.

In Tables 2 and 3, we depict all possible relations between a and
the characteristic profiles by, k=0, ...,t+1. The previous examples
correspond to, respectively, columns I in Table 2 and VIII in Table 3.
Each table column, denoted by {L,11, ..., XI}, is further exemplified
in Table 1 by the comparison of respective a;, i e {L,1I, ..., XI} with
by, k=0,...,6. For all table columns, the example provided in
Table 1 assumes h=3, while for the scenarios depicted in columns
{VIIL, ..., XI} in Table 3, we additionally assume s=4.

Discussion and detailed justification of the assignments is
provided in Appendix A. The general idea underlying the assign-
ment rules of Electre Tri-C is summarized as follows:

® the descending rule identifies the best characteristic profile by,
such that aSby,, and then compares c(by,, a) with c(a, by, 1) to
choose between Cy, and Cp, ,1;

® the ascending rule identifies the worst characteristic profile by,,
such that by, Sa, and then compares c(a, by,) with c(b,, _1,a) to
choose between Cj, and Cp, 1.

In general, when comparing an alternative aeA with the char-
acteristic profiles, one of the following situations occurs:

® ¢ is neither indifferent nor incomparable to b, € B; then, the
same class or two consecutive classes are indicated by both
assignment rules; although hp=h,—1, comparisons of the
concordance indices c(by,,a)=c(by,_1,a) and c(a,by, )=
c(a, by,) with both rules imply that the class indicated by the
ascending rule is not better than the class indicated by the
descending one;

® ¢ is indifferent to at least one characteristic profile by, ..., bs € B,
h <s (in case h <s, profiles by,...,bs define a subset of con-
secutive classes); then Cj is indicated by the ascending rule,
whereas C; is indicated by the descending rule; since h <s, the
class indicated by the ascending rule is not better than the class
indicated by the descending one;

® g is incomparable to at least one characteristic profile
by, ...,bs € B, h <s(in case h <s, profiles by, ..., bs define a subset
of consecutive classes); then, either C,_; or C, is indicated by
the descending rule, whereas C; or C,, is indicated by the
ascending rule (note, however, that C,_; and Cs,; cannot be
indicated jointly); since h<s, the class indicated by the
descending rule is not better than the class indicated by the
ascending one.

Table 2

Analysis of these assignments can be summarized with the
following four remarks:

Remark 4.1. The assignment can be precise (Table 2, columns I, II,
IV, V) or imprecise (Table 2, columns III, VI, VII, and Table 3,
columns VIII-XI).

Remark 4.2. If there are only preference relations between a and
B (Table 2, columns I-IIl), or a is indifferent to at least one
characteristic profile (Table 2, column IV, and Table 3, column
VIII), the class indicated by the descending rule is at least as good
as the class indicated by the ascending rule.

Remark 4.3. If a is incomparable to at least one characteristic
profile (Table 2, columns V-VII, and Table 3, columns IX-XI), the
class indicated by the ascending rule is at least as good as the class
indicated by the descending rule.

Remark 44. Let C;s, and Cps,, be, respectively, the worst and the
best classes to which a is assigned to by the outranking model S.
When analyzing different scenarios, one can observe all types of
relations (>, ~, <, and R) between a and b;, k=1%(a), ..., R*(a).
For example, a>bLs(a) (Table 2, column I), or a~bs, (Table 2,
column IV), or a <bys, (Table 2, column 1II), or aRbys, (Table 2,
column V) (the same examples hold for the comparison of a with
b(a)).

The variety of possible relations between a and by,
k=15, ...,R°(a) means that the conditions for reproducing the
assignment example a*— [Cjpwm 4., Cpome)] cannot be formulated
solely by comparing a* with the characteristic profiles by,
k=LPM(@a*),...,R°M(a*). Instead, we need to guarantee that a* is

Table 3

Assignments with the joint use of the ascending (A) and descending (D) rules for
the cases where the alternative a is indifferent (~ ) or incomparable (R) to at least
two characteristic profiles by, ...,bs € B, h<s.

Profile index Result VIII IX X XI

[Ch.CP1 [CR.CH [CR.CE41 [CR 4. CE

k=0...h—2  (a.by > > > ~
@by 1) ? clby,a) > > > >
(a,by_1) > > > >
c(a,by) ? c(by_q1,a) > = = <
k=h,...s (a.by) ~ R R R
c@,bs1) 2 clbs,a) < < > =
(a,bs1) < < < <
k=s+2,...t+1 c(aby)? cby_1,0) < < < <
(@.by) < < < =

Assignments with the joint use of the ascending (A) and descending (D) rules for the cases where there are only preference relations (~ and R are empty) or the alternative a

is indifferent (~) or incomparable (R) to only a single characteristic profile b, € B.

Profile index Result I Il 11 v \% VI VIl
(") (4! [Ch. Ch 1] (h°) (") [CR.Ch. 1] [Ch-1.Chl

k=0,...h-2 (a,by) > > > > > > >
c(a, by, 1) ? c(by,a) > > > > > > >
@by 1) > > > > > > >
c(a,bp) ? c(by_1,0) > > > > > > <
(a,by) > > > ~ R R R
c(a, by, 1) ? c(by, a) < > = < < > <
(@, bp.) < < < < < < <

k=h+2,..,t+1 c(a,by) ? c(by_q,a) < < < < < < <
(a,by) < < < < < < <
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assigned neither to a class worse than Cyom (g MOT tO A class better
than Cpow ., which requires referring to the characteristic profiles
of classes outside the desired interval of classes [C;ou g, Cromge -

4.3. Inference programs

As noted earlier in Remark 4.4, in order to guarantee that a* will be
assigned to the desired range of classes [C;pu g, C RPV(gr))s We need to
ensure that a* is not assigned to a class worse than Cjpu g, nor to a
class better than Cgow,,. The conditions that prevent a* from being
assigned to the class C [P qx,_1 OF WOISe are the following:

® c(a*, byomige,_1) > A and c(a*, bLDM(a*)) > C(bLDM(a*)il,a*) when the
descending rule indicates the worst class;

® c(bpowgey 1,0 5/1 and (@, byowge)) > c(byow ey _1,@*) when the
ascending rule indicates the worst class.

Consequently, c(a*, bLDM(a*)7 1) =4 and C(bLDM(a*)il,a*) < /A are indis-
pensable, and, thus, a* needs to be preferred to bjow ., ; (a* >
byowgs,_1)- Moreover, c(a*,bLDM(a*))zc(b.LDM(a*)f],a*) is req.u.ired in
case aRb,ow .., (see Remark 4.3); otherwise, the latter condition can
be relaxed to a strict ineguality c(a*, byow ) > (byom gy ¢, a*) (see
Remark 4.2). These considerations lead to Lemma 1.

Lemma 1. Va* e AR, the set of conditions (8) prevents a* from being
assigned to a class Cyom ., _, or worse for L°V(a*) > 1.

a* >= byow g, _ 1 and {c(a*, byow ) > €(byom ey 1, a%)

or [C(a*,bLDM(a*)) > c(bLDM(a*)_pa*) and a*RbLDM(a*)]}‘ 8)

In terms of MILP formulation, (8) corresponds to EL(a*, [P (a*)):

(ELT) (@*, by ey 1) = 4,

(EL2) c(byomge, 1, 0*)+E < A,

(EL3) M - v +¢(@*, byow guy) = C(byom ey ¢, 0%) +-€,
(EL41) M - (1 —vy)+c(a*, bLDM(a*)) > C(bLDM(a*)f 1,0,
(EL4y) M - (1 —v)+A > c(a*, byowge) + €,

(EL43) M - (1= V1) +A > c(byou ), 0*) + €,

(EL5) v, € {0, 1}.

EL(a*, LPM(a*))

(a*)’

where M > 1 O.
Proof. In Appendix B.1.

The conditions that prevent a* from being assigned to a class
C ROM (g 11 OF better are the following:

® c(a*, bpovgey 1) < Aand c(bgow g, @*) > c(a*, bgow g, , 1) When the
descending rule indicates the best class;

® c(bgouge 1,0%) = A‘and C(bgom guy @*) = (@, bgow e , ) When the
ascending rule indicates the best class.

Consequently, c(bgou g, , 1,a*) = 4 and c(a*, bgou g, , ) < A are indis-
pensable, and, thus, bgow., , needs to be preferred to a*
(bRnM.(a*)H. >a*).  Moreover, ¢(bgow g, a*) = (@, bgow ey 1) 1S
required in case aRbRDM(a*) (see Remark 4.3); otherwise, the latter
condition can be relaxed to a strict inequality c(bgow ).
a*) > c(a*, bRuM(a*)H) (see Remark 4.2). These considerations lead
to Lemma 2.

Lemma 2. Va* e AR, the set of (9) prevents a* from being assigned to
a class Cyow g, , 1 OF better for R™(a*) < t:

bow ey 1 = a@* and {c(bgow e, @*) > €(a@*, bpow gy 1) OF [C(Dgom 4, a¥)

(a*)”

> c(a*, bRDM(a*)+]) and a*RbRnM(a*)]}. (9)

In terms of MILP formulation, (9) corresponds to EU(a*, R°M (a*)).

(EUT) C(bRDM(a$)+], a*) > A,

(EU2) c(a*, bRDM(a*)+1)+8 <A,

(EU3) M - vR+c(bRDM(a*), a*) = c(a*, bRDM(a*)+1)+€,
(EU41) M. (1 —VR)+C(bRDM(a*), a*) > c(a*, bRDM
(EU42) M - (1 =VR)+4 = (@, bpow gu)) +€,
(EU43) M - (1 —vR)+1> c(bRDM(a*),a*)+e,
(EU5) vg € {0, 1}.

@+1) ¢ EU@*, R (a%)

O
Proof. In Appendix B.2.

The relations corresponding to the conditions of the worst and
best desired classes (i.e. (8) and (9), respectively) can be identified
in Tables 2 and 3. For all possible scenarios (i.e., all table columns),
when a is assigned to an interval of classes [Cisay Crsi) bLS(a)—l
(bgsay,1) 1s the best (worst) characteristic profile satisfying (8)
((9)), thus preventing a from being assigned to class worse than
Cisa (better than Crs(ay)-

Theorem 1. Va* e A%, the constraint set given below guarantees the
assignment of a* to the range of classes [Coom(gey> Crom o -

EL(a*, [PM(a*y), if [PM(a*) > 1,

EU(a*, R (@*) if R™(a*) <t. } E@ = 1Ciomaey: Cooniar))

Proof. The first condition is Lemma 1 and the second one is
Lemma 2. ©

The set of outranking models S compatible with the preference
information provided by the DM is defined with the following set
of constraints E(AR):

E(BASE),

" «_ AR p EAD)
E(a* — [Cpowgs), Cromg)]) forall a* e A™.

The set S is not empty if E(A®) is feasible and &* =max e, s.t.
E(AR), is greater than zero. For inconsistency analysis, see Appendix C.

4.4. Possible and necessary assignments

Definition 4. Given a set of outranking models S compatible with
the preference information provided by the DM, the possible
assignment Cp(a) is defined as the set of indices of classes C, for
which there exists at least one compatible outranking model
assigning a to C,, and the necessary assignment Cy(a) as the set
of indices of classes Cj, for which all compatible outranking models
assign a to Cp,. That is, the necessary and possible assignments are:

Cp(a)=1{heH:3Ses, I(@) <h<Ra)),
Cn(@={heH:VSes, [5a)<h<Ra).

The notion of possible assignments has been used before in the
context of value- [30-33], outranking- [27,34], and rule-based
approaches [45], whereas the concept of necessary assignment has
been used so far only in value- and rule-based sorting approaches
[30,31,45].

4.4.1. Possible assignment
Alternative a is possibly assigned to class Cj, if the following two
conditions are satisfied for a compatible outranking model S € S:
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® the worse class assignment C;s,, is not better than G, i.e.
L@ <h<—L%a)>h+1);
® the best class assignment Crsiay is not worse than Gy, i.e.

RS(@)>h < —(R°@)<h-1).

(@)

Note that a is assigned to a class at least as good as C, ¢ (or not
better than C,_;), if the set of conditions EL(a,h+1) (or
EU(a,h—1)) can be reproduced within E(A®). Both EL(a,h+1) and
EU(a,h—1) have the following form:

{c; and ¢, and [c3 or (¢4 and ¢4 and cg3)]}. (10)

To show that EL(a,h+1) and EU(a,h—1) do not hold for any
compatible outranking model, it is sufficient to prove that their
negations are satisfiable within E(A®). That is,

not{c; and ¢, and [c3 or (c41 and ¢4 and c43)]} <

{not(cy) or not(cy) or [not(c3) and (not(c41) or Not(c4y) or Not(c43)]}.
(1

Let us denote the negations of EL(a,h+1) and EU(a,h—1) as the
constraint sets ENL(a,h) and ENU(a, h), respectively. Then, the
possible assignment of aeA can be computed by considering
Theorem 2 for each h e H.

Theorem 2. YacA,YheH, 3SeS: [5(a)<h<R%(a), ie. a—>"Cy iff
the constraint set given below is feasible and &*=maxe
s.t. E@—PCp) > 0:

if h<t:

(LP1) M - (vi1 —1)+c(a,bp)+e <A,

(LP2) M- (1 —V]_2)+C(bh,a) > ﬂ,

(LP3) M - (1 —vi3)+c(by,a) = c(a, by 1),
(LP4) M - (1 —vya1)+c(bp,a) > c(a, by, 1)+ &,
(LP5) M - (1 —vy42)+c(a, bh+1) > /1,

(LP6) M - (1 —vi43)+ (b4 1.0) > 4,

(LP7) vii+vip+viz =1,

(LP8) Va1 + V142 +Via3 = Vi3,

(LP9) v11,V12, Vi3, V141, VI42, V143 € {0, 1},

if h>1:

(UP1) M - (Vgy — D) +c(bp,a)+e <A

(UP2) M - (1 —vgp)+c(a,bp) = 4,

(UP3) M - (1—vg3)+c(a,bp) = c(by 1, a),
(UP4) M - (1 —Vga1)+c(a,by) = c(by_q,a)+¢,
(UP5) M - (1 —Vgaz)+c(a,bp_1) = 4,

(UPG) M. (1 —VR43)+C(bh,1,a) Zl,

(UP7) VR1+Vr2 +Vg3 = 1,

(UP8) Va1 +VRaz +VRa3 = Vg3,

(UP9) Vg1, VR2, VR3, VR4, VRa2, Vra3 € {0, 1},

E(AR).

ENL(a, h)

E(a_’PCh)

ENU(a, h)

12)
O

Proof. In Appendix D.1.

The set S is non-convex as the space of compatible models is
defined with a logical OR combination of linear inequalities in
E(AR). This implies that there may be jumps in the possible
assignment, ie. if 35,5"eS:R°@<h and [¥(a)>h+8" with
5" =2, there may exist 56{1,...,5’1—1} for which there is no
S* e S such that [¥(a) < h+8 < R¥ (a). Nevertheless, in Section 5,
we further revise the assignment rules of Electre Tri-C so that the
set S is convex and the resulting possible assignment has no
class jumps.

4.4.2. Necessary assignment
Alternative a is necessarily assigned to class C,, heH if the
following two conditions are satisfied:

® ¢ is assigned to a class worse than Cj ., with all compatible
outranking models, i.e. [’(a) <h+1, VSe S;

® g is assigned to class better than C,_; with all compatible
outranking models, i.e. R°(a)>h—1, ¥SeS.

Note that a is assigned to a class at least as good as Cj, . (or not better
than C,,_,), if the set of conditions EL(a, h+1) (or EU(a,h—1)) can be
reproduced within E(A®). If none of these is possible, then a is assigned
to G, with all S e S. Thus, the necessary assignment for a € A can be
computed by considering Theorem 3 for each h € H.

Theorem 3. YacA,VheH,vSeS, [5(a)<h <R%a), ie. a—NCy, iff
the constraint set given below is infeasible or £* = max € s.t.
E(@—-"C.p, 1) <0 forh<t.

EL(a,h+1),

EAR), }E(aa"czm) (13)

and the constraint set given below is
max ¢ s.t. E@—"C_,_1)<0 for h>1:
EU(a,h—1),
EAR).

infeasible or &*=

}E(a—»PC<h1) (14

O
Proof. In Appendix D.2.

Theorem 4 (No class jumps in the necessary assignment). YaeA,
Cn(a) is either empty or formed by the set of contiguous classes
between Cn,, and Cpn, being, respectively, the worst and the best
class to which a is assigned by all compatible outranking models.

Proof. In Appendix E a.

4.5. Reformulation of the Electre Tri-C assignment procedures

The results in the previous subsections allow reformulating the
assignment rules of Electre Tri-C. To indicate the worst class in
which a can be assigned to, compare a successively to by, for
h=t-1,...,0, seeking the first characteristic profile by such that

a> by and {c(a, by, 1) > c(by, a) or [c(a, by, 1) > c(by,a) and aRb, . 1]}.
(15)

Select Cp 1.

Proof. In Appendix F.1 d.

To indicate the best class in which a can be assigned to,
compare a successively to by, for h=2,...,t+1, seeking the first
characteristic profile by, such that

b, >a and {c(b,_1,a) > c(a, by) or [c(by_1,a) > c(by,a) and aRb,_+]}.
(16)

Select Cp,_ ;.

Proof. In Appendix F.2 0o.

These rules unambiguously indicate the worst and best classes
for the possible assignment of a € A. That is, irrespective of how a
compares with B (i.e.,, no matter if there are only preference
relations between a and B, or a is indifferent or incomparable
with some characteristic profiles), we can identify the extreme
assignments using univocal and precise conditions. On the con-
trary, as proven in Section 4.2, the order of classes indicated by the
original Electre Tri-C rules may vary, so one needs to use both of
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them in order to know the worst or the best class an alternative
can be assigned to.

Moreover, translation of the reformulated procedures to expla-
nations formulated in the natural language is straightforward as,
for example, in case Cj is the worst (best) class of a, it can be
justified with a being clearly better (worse) than the characteristic
profile by,_1 (a>by_1) (bpy1 (bpyq>a)) and there existing
sufficiently strong arguments in support of a (by) being at least
as good as by, (a) (e.g., c(a,by) > c(by_1,a) (c(by,a)>c(a,by,1))).
Such explanations cannot be derived from the original assignment
rules of Electre Tri-C. Note that the topic of explaining the results
of decision aiding methods has recently motivated various studies
(see e.g. [35-37]).

Finally, comprehensibility of the reformulated procedures
may be enhanced by drawing analogies with the well-known
assignment rules of Electre Tri-B. First, the underlying logic can
be explained in a similar way: in Electre Tri-B, if the pessimistic
(optimistic) rule indicates C, for the assignment of a, it can be
justified with a outranking the boundary profile b, (a being
clearly worse than by ). Second, analogously to the reformu-
lated Electre Tri-C rules, the order of classes indicated by the
pessimistic and optimistic rules is unambiguous, i.e., the previous
one always indicates a class which is not better than the class
indicated by the latter one. Nevertheless, there are some impor-
tant differences between the two methods. On one hand, the
assignment rules of Electre Tri-B are used separately (i.e., only
one of them should be applied), and they indicate precise class
assignments, whereas the reformulated rules of Electre Tri-C
need to be used jointly for indicating a possibly imprecise
interval of classes. Moreover, there is a fundamental difference
in the interpretability of the characteristic profiles of Electre Tri-C
and the boundary profiles of Electre Tri-B. A detailed comparison
of the assumptions, requirements, and strengths of the two
methods is provided in [13].

5. Electre Tri-rC: Electre Tri-C with revised assignment rules
In this section, we further revise Electre Tri-C by removing the
logical OR conditions from the assignment rules given in Section 4.5.
This leads to a simpler interpretation of the assignment procedures
and the formulation of less complex mathematical programs. It also
implies that the space of compatible outranking models (weights and

A) is convex and thus the possible assignment has no class jumps. In
the proposed reformulation, (15) is replaced by

a> by, and c(a, by, 1) > c(by, a), 17)

whereas (16) is replaced by

b,>a and c(b,_q,a) > c(a,bp). (18)

Table 4

Remark 5.1. When compared to the original assignment rules of
Electre Tri-C, the new assignment procedures would indicate:

(i) Cp_ rather than Cj, in case a>b,_; and c(a, by) =c(b,_4,a)
and aRby;

(ii) Cp,q rather than Cj in case by, 1 > a and c(by,a)=c(a,b,,1)
and aRby,.

Thus, in case aRb, and a > b, _; or a< by, 1, the conditions for
indicating class Cj, instead of, respectively, C;,_; or C,,;, are
slightly more demanding than in Electre Tri-C (a weak inequality
is replaced by the strict one). The recommendations provided for
all other cases are equal.

Example 5.1. For all eleven alternatives provided in Table 1, the
assignments indicated by the revised rules of Electre Tri-rC and
the original rules of Electre Tri-C are the same. The differences in
the indicated recommendations are illustrated in Table 4. Precisely,
cases (i) and (ii) described in Remark 5.1 are exemplified by the
assignments of, respectively, ax; and axy; (we assume h=3).

Let us now adapt the mathematical formulations from Section
4 to the revised assignment rules. We discuss only changes in the
constraints, while the conclusions drawn from the solutions of the
mathematical programs remain the same. In particular, the infer-
ence programs now can be modeled with Linear Programming (LP)
rather than MILP. Precisely, EL(a*, P (a*)) becomes

(EL]/) c(a*, bLDM(a*)_ l) >4,
(EL2’) C(bLDM(a*)7 15 a*)+e< }.,
(EL3') c(a*, bLDM(a*)) > C(bLDM(a*)7 1, a+e,

EL' (a*, LPM(a*))

and EU(a*, R°M(a*)) becomes

(EU]/) C(bRDM(a*)+ 15 a¥) > A,
(EU2') c(a*, bgowt gy 1) +E< A,
(EU3’) C(bRDM(a*), a*) > c(a*, bRDM(a*)+1)+€.

EU'(a*, R°®M(a*))

Then, these constraints are used to define the set of compatible
outranking models E'(A%), which are used for computing the
possible assignment E(a—"C}):

ifh<t:

(LP1),(LP2),(LP3), (LP7), }ENL'(a, h)

if h>1:

(UP1),(UP2), (UP3), (UP7),} ENU'(a, h)
E'(AR).

E’(a—>PCh) (]9)

Assignment by the use of the original rules of Electre Tri-C and the revised rules of Electre Tri-rC for the two exemplary alternatives for 1=0.7.

Alternative Credibility/relation bo by b, b3 by bs be Assignment by
Original rules Revised rules
axi a(axu, bp) 1.0 1.0 0.8 0.5 0.3 0.0 0.0 [C3,C3] [C2,C3]
o(bp, axi) 0.0 0.2 0.5 0.6 0.8 1.0 1.0
(axi, by) > > > R < < <
axm o(ax, bp) 1.0 1.0 0.8 0.6 0.5 0.0 0.0 [C3,C5] [C3,Ca]
o(bp, axm) 0.0 0.0 0.2 0.5 0.8 1.0 1.0
(axu, bp) > > > R < < <
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1 decisive enough?

| INPUT DATA
1
— [ Coherent family of criteria F ] [ Set of alternatives 4 ] [ Set of ordered classes C ] STEP 1
1
1
S
' PREFERENCE |
: INFORMATION Indifference and Build a set of reference Range for the :
 FROM THE DM preference thresholds alternatives ARc4 majority threshold 4 |
\ 1
1
— | \ STEP2
1 . . 1
1 Weight constraints Asmgnm@t of reference Characteristic |
\ alternatives to classes profiles B '
| '
.
?) Bttt lid 1— -------------------------- 1
5 1 Define conditions for outranking models compatible with preference information : STEP 3
=4
STEP 4
STEP 5
! NO Is the current recommendation STEP 6

Fig. 1. Interactive decision aiding process for the proposed disaggregation approach.

For the revised assignment procedures, there are no class jumps in
the possible assignment.

Theorem 5 (No class jumps in the possible assignment). Denote by
n(a,bp,S)=c(a,by)—A= >r_qcia, by)—A. Let S be a convex set of
compatible outranking models (weights and 1), and therefore,

vS'.S"es, and a,fe[0,1], S" e S if n(a, by, S™
=an(a, by, S")+(1—am(a,by,S")

and n(by,a,S") = y(bn, a,S")+(1 - Pyn(by, a,S").

Now, if 35.5"eS:RS(a)<h and Ls”(a)zh+5“*with S>2—
v8e(0,...,8" 35* € S such that I (@) <h+5 <R (@) OI.

Proof. In Appendix G.

When computing the necessary assignment, the constraint sets
given below should be used instead of the ones in Theorem 3:

EL(ah+1).] b 20
E/(AR), @->"Csny1) (20)
EU'(a,h—-1),] ,

A, }E(aa"csh_n @n

There are no class jumps in the necessary assignment for the
revised procedures. The proof is analogous to Theorem 4.

6. Decision aiding with the proposed approach

Sorting decisions can be aided with the proposed approach
through the iterative six-step process illustrated in Fig. 1.

The process begins by defining the problem; a set of alternatives
A, a set of criteria F, the alternatives' evaluations on the criteria,
and a set of ordered classes C. Then, in Step 2 the preference
information is elicited and incorporated into the model. The DM
needs to provide the characteristic profiles B for each class, and the
indifference q;(x) and preference pj(x) thresholds for all criteria.
Moreover, we assume that the DM provides a set of assignment
examples consisting of reference alternatives AR <A and their
desired assignments. The DM may provide linear constraints for
the weights (e.g., g is more important than g, represented as
w; > wy) or for the majority threshold A.

Step 3 consists of constructing the disaggregation model. Then,
in Step 4, we verify whether there exists at least one instance of
the outranking model compatible with the preference informa-
tion. If no such instance exists, the DM is asked to revise her
preference information (see Appendix C for details).

Step 5 consists of building a recommendation in terms of the
necessary and possible assignments. These are verified in Step 6;
if the DM is satisfied with the recommendation, the process
ends. Otherwise, one should revise the input data and/or pre-
ference information. The suggested procedure is to provide
new assignment examples for alternatives with multiple possible
assignments and empty necessary assignments. In the same
spirit, the DM may wish to make more precise the assignments
of some reference alternatives already considered in the previous
iteration.

7. Illustrative study: environmental risk assessment

We re-analyze a real-world risk assessment problem of zoning
the watershed of Moulinet and Violettes (Low Normandy, France).
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Table 5
Land zones' performances (names as in [38]) and their possible and necessary
assignments to the four risk classes in the first, second, and third iterations.

Table 6
Indifference and preference thresholds for the environmental risk assessment
problem.

Alt. g 8 8 & & Cha Cna Cha Cia Cia@ Gy

ax 101 2 1 1 1 G Ca Cy Cy Cy Cy
as 83 2 6 1 1 Cz — C4 - C4 C4 C4 C4
ay 203 2 4 1 1 (C—-C4 - Cy Cy Cy Cy
as 2195 3 4 4 1 G [ G G Cs
ag 499 7 6 4 2 CG-CG G G-C G -G G
a; 2089 7 6 1 8 G G G G G G
as 677 2 1 4 1 (C-C4 C  C3-Cq C4 C3-Cq Cy
ag 1411 3 4 4 1 G G G G G G
ap 5336 3 4 4 1 G G G G G G
a; 1349 1 4 4 1 C-C4 - G G G G
a 916 1 4 4 1 GC-C4 - G G G G
a3 1297 1 4 4 1 (G-C - G G (& G
a4y 448 1 4 3 1 C-C4 - C3—Cy - Cs G,
s 83 1 4 3 1 C3-C4 - C3—Cy - Cs Cs
a6 148 1 6 1 1 (C-C - Cy Cy Cy Cy
ayy 538 1 1 1 1 (4 Cy Cy Cy Cy Cy
ag 1249 1 1 1 1 G Cy Cy Cy Cy Cy
a9 894 1 1 4 1 (G Cs Cy Cy Cy Cy
a 2892 1 4 3 1 (G-C - G G G G
4y 664 1 6 1 1 G-C4 - C3—Cy - C3—Cy -

ap 1285 5 4 1 1 G-C G C-C G C-C G
a4 550 3 4 1 1 (G-C - CG3—-C4 - C3—-C4 -

s 1354 7 6 1 2 G G G G G G
ae 1614 7 6 1 2 CG-C G CG-C G CG-C G
a; 1631 7 6 1 1 CG-CG G CG-C G Ci-C G
as 2448 5 4 4 1 G G G G G G
o 2151 3 4 4 1 G G G G G G
aso 4998 3 4 6 1 CG-C - C—-C4 - (& G
as 664 3 1 1 1 (4 Cy Cy Cy Cy Cy
asg 599 7 6 1 2 G G G G G G
ap, 1176 5 4 4 1 G G G G G G
azz 207 7 6 1 2 -G G CG-C G -G G
aszs 4313 5 4 3 1 G G G G G G
as 62 3 6 3 1 G-CG G G G G G
asg 5767 7 6 1 5 G G G G G G
as 2739 7 6 1 1 -G G Ci-C G Ci—-C G
a 2896 7 6 1 8 (G G G G G G
aps 914 7 6 1 2 G G G G G G
ap7; 1358 5 6 6 1 G -G - G -G - G G
dos 1082 5 6 4 1 G G G G G G

The problem was originally analyzed in [38] with Electre Tri-C. We
consider a set of 40 land zones evaluated on five criteria with
decreasing direction of preference:

® g,: overall slope of the land zone;

® g,: quality of the connectivity between the land zone and the
stream;

® g3: type of embankment in the lower part of the land zone;

® g,: nature of crops in the land zone;

® o bank alteration by the cows when they drink water directly
from the stream.

The zones' evaluations are presented in Table 5. The objective of
the study is to indicate the most appropriate intervention for
protecting the reproduction habitat of salmonidae fish in these
watersheds. The interventions are designed based on the following
risk classes: very high risk (C;), high risk (C), intermediate risk
(G3), and low or no risk (C4). The presented results were obtained
with respect to the original assignment rules of Electre Tri-C using
algorithms from Section 4.

We assume that no single criterion is more important than the
others considered jointly, i.e. the constraint (B4) in E(BASE) is
reformulated as the more restricted one with 0 <w; <0.5. Com-
putation of the necessary and possible assignments was imple-
mented via constructing MILPs that were subsequently solved

81 &2 83 8a 8s
qi(x) 0.01-g;(x) 0 0 0 0
pi(x) 0.05 - g;(x) 1.9 1.9 1.9 2

Table 7
Characteristic profiles for the environmental risk assessment problem.

&1 &2 &3 8a 85
by 200 7 6 6 8
b, 150 5 4 4 5
b3 100 3 2 3 2
by 50 2 1 1 1

Table 8
Assignment examples for the environmental risk assessment problem.

Class Assigned land zones

1st iteration 2nd iteration 3rd iteration

G az - -
G a3, 108 - Q107
G 10 ag2 (1)
Cq as g, A6 as

with glpk. Our R implementation is freely available online.? The
indifference and preference thresholds provided by the DM are
given in Table 6, the characteristic profiles are provided in Table 7,
and the exemplary assignments of the five reference zones
supplied in the first iteration are given in Table 8. These are
consistent and the set of compatible outranking models is
not empty.

The possible and necessary assignments are presented in
Table 5 (columns C},(a) and C,{,(a)). The necessary assignment is
precise and not empty for the five reference zones (a;, dss, dios,
a0, a31). Another 22 non-reference zones (e.g., dsg, dys, Azg, 17) are
assigned precisely, i.e. to a single class with all compatible out-
ranking models. For the remaining 13 zones, the necessary assign-
ment is empty and the possible assignments are imprecise.
However, there are also 8 zones for which the possible assign-
ments are imprecise, although the necessary ones are non-empty.
For example, with some compatible outranking models ag is
assigned to [Cq,C,], while with the remaining ones to C,. As a
result Cp(ag) =[C; — C3] and Cy(ag) = C5. Overall, there are 15 zones
possibly assigned to two consecutive classes (i.e., C; —C, or C; —C3
or C3—C,4) and 6 zones with a possible assignment in three classes
(i.e,, C;—C3 or C;—C4). The average difference between the
extreme class indices is 0.7.

Let us suppose that considering the results of the first iteration,
the DM feels confident that a;> should be assigned to Cs, while ay4
and a;¢ belong to C, (see Table 8). Comparing to the previous
iteration, there are another 7 zones with a non-empty precise
necessary assignment C2(a) (see Table 5). Also the possible assign-
ments C,2,(a) are now more precise. For 9 zones, including 6 non-
reference ones (a1, ay3, dzg, s, A3, dz1), C,z,(a) is more tight than
C},(a). The average difference between the extreme class indices is
now 0.43.

2 http://github.com/tommite/pubs-code/tree/master/etricror-omega/
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Fig. 2. Criteria importance coefficients (w; —ws) and majority threshold 2 obtained
for the selected compatible outranking models in the three iterations.

In the third iteration, the DM provides additional exemplary
assignments (see Table 8). As a result, the possible assignments for
4 zones have been tightened and the necessary ones have been
enriched (see Table 5, columns Cj(a) and Ci(a)). In case the DM is
not yet satisfied with the results, she may want to continue the
iterative process, either by adding some new assignments of
reference zones or by revising the previous judgments.

Note that in each iteration the DM can be supported by
displaying a single representative compatible outranking model.
Such a representative model may be obtained by maximizing ¢, s.t.
E(AR). Representative models selected in this way for the three
iterations of the case study are presented in Fig. 2. The outranking
preference model may be easier to explain to the DM through
these values: for example, the representative model in the third
iteration has the majority threshold 1~ 0.76 and the criteria
weights: w; ~0.09, w, =ws~ 0.26, w3 ~0.23, and w4~ 0.16. As
a result, when referring to this representative model, the out-
ranking relation holds if one of the following coalitions of criteria
fully supports it: {g;,85,83,85), {81,82-84,85}, OF {g2.83,84,85)
(e.g., in the latter case, w; +w3+w4+ws ~0.91 > 0.76).

We also analyzed the same problem with the revised assign-
ment rules and respective algorithms from Section 5. In all three
iterations, the possible and necessary assignments (Table 5) as
well as the selected representative outranking models (Fig. 2)
were exactly the same as the ones obtained with the original
assignment procedures of Electre Tri-C. This suggests that the
impact of using the revised assignment rules on the space of
compatible outranking models and the sorting recommendation is
rather minor.

Our previous work [31] developed inference programs for
sorting procedures applying general multi-attribute value func-
tions, and augmented the possible relations with information
about the shares of compatible models assigning alternatives to
the different classes. With general value functions the conditions
for inferring additional necessary relations apart from the transi-
tivity of > are very specific [39], and the resulting ranges of
possible assignments are often rather wide, whereas the set of
necessary assignments is often empty (see e.g. [40,41]). Therefore,
additional information in the form of shares of the compatible
models can be very useful when applying general additive value

models. Conversely, when applying sets of outranking sorting
models parameterized with the intra-criterion parameters
(thresholds) and the characteristic class profiles, the space of
compatible models is considerably smaller. Thus, the width of
the possible class assignments may decrease greatly when restrict-
ing the set of models with additional assignment examples (see
Table 5). Therefore, less preference information is required for
arriving at a final recommendation with the more restrictive
outranking preference model than with general value functions.

8. Conclusions

We presented a new approach for multiple criteria sorting
problems using characteristic profiles for defining the classes,
similarly to the Electre Tri-C method. The order of the extreme
classes indicated by the Electre Tri-C assignment rules vary
depending on the considered outranking model. We reformulated
the rules to indicate the worst and best classes for each alternative
in an unambiguous way, therefore enhancing interpretability of
the sorting recommendation.

We also introduced a disaggregation procedure for inferring a
set of outranking models compatible with the possibly imprecise
assignment examples. In this way, we avoid asking the DM directly
for the model parameter values. We considered a model with
unknown criteria weights and majority threshold, and additionally
accounted for inferring the comparison and veto thresholds as
well as the characteristic class profiles. We adapted Electre Tri-C
for analyses with sets of outranking models. For each alternative,
we determined the possible and necessary assignments.

Finally, we revised the assignment procedures of Electre Tri-C
so, that the space of compatible outranking models S is convex
and there are no class jumps in the possible assignment. The
introduced approaches were illustrated by re-analyzing a real-
world problem of sorting land zones into four classes representing
different risk levels.

We envisage the following developments of the proposed
approach:

® inclusion of new types of preference information, such as
desired class cardinalities [42,43],

® higher variety of results, for example, assignment-based pre-
ference relations [31], and

® extensions of the method for group decision making problems.
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Appendix A. Discussion of possible relations between an
alternative a and the characteristic profiles

There are three possible settings concerning relations between
a and B={bo, ...,br1}:

1. If there are only preference relations between a and B (~ and R
are empty), then 3he{0,....t}: a>bg, a>by,...,a> by,
bpi1>a,....br 1 >a. According to the descending rule, the
highest index ¢ such that a is preferred to by is ¢ = h. Thus, if
o(a, by 1) < o(by,a), then class G, is selected for the assignment
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of a;otherwise, Cp,, 1 is selected. According to the ascending
rule, the lowest index ¢ such that b, is preferred to a is
@ = (h+1). Thus, if 6(a, by 1) > o(by, a), C, 1 is selected for the
assignment of a;otherwise, Cj, is selected. Consequently, the
two rules select either the same class: C, (in case
o(a,by. 1) <o(by,a)) or Cpyq (in case o(a,bp,q1)> o(by,a)) or
the ascending rule selects class C, and the descending rule
Cp41 (in case o(a, b, 1) = o(by,a)). See Table 2 (columns I-III).

2. If a is indifferent to at least one characteristic profile, then
Jhel{0,...,t—-1}, Ise{h+1,...,t}: a>bg, a>bq,...,a>b,_1,
a~by,...,a~bs, bs,1>a,...,b; ;1 >a. According to the des-
cending rule, the highest index ¢ such that a is indifferent to b,
is ¢ =s. Since o(a, bs 1) < o(bs, a), then class C;s is selected for
the assignment of a. According to the ascending rule, the lowest
index ¢ such that a is indifferent to b, is ¢ =h. Since
o(a,by) > o(b,_1,a), C, is selected for the assignment of a.
Consequently, a is assigned to a range of classes [Cy,Cs] (see
Table 3 (column VIII)). If h=s, then a is assigned precisely to Cj
(see Table 2 (column IV)).

3. If a is incomparable to at least one characteristic profile, then
Jhe{O0,...,t—1}, 3sefh,...,t}: ax>by, a>by,...,a>by_q,
aRby, ...,aRbs, bs 1 >a,...,b; .1 > a. According to the descend-
ing rule, the lowest index ¢ such that a is incomparable to b,, is
@ = h. Thus, if o(a, by) > o(b,_1, a), then class Cj, is selected for
the assignment of a; otherwise, C,_; is selected. According to
the ascending rule, the highest index ¢ such that a is incom-
parable to by is ¢ =s. Thus, if 6(a, bs,1) < 6(bs, a), then class Cs
is selected for the assignment of a; otherwise, C; 1 is selected.
Consequently, an alternative a is assigned to one of the
following ranges of classes: [Cp,Cs], [Cph,Cs41], [Ch_1,Cs] (see
Table 3 (columns IX-XI )). For the case h=s, see Table 2
(columns V-VII). Note that an interval of classes [Cj_1,Cs.1]
cannot be indicated by the joint rules, because it is not possible
that o(a, by) < o(by,_1,0a) and o(a, bs. 1) > o(bs, a) for h <s.

Appendix B. Proof of correctness of the inference procedures
from Section 4.3

B.1. Proof of correctness of the inference procedure for the worst
desired class

The following conditions prevent a* from being assigned to a
class CLDM(a*)7] or worse:

® The descending rule: C(a*,bLDM(a*)il) >/ and C(a*,bLDM(a*)) >
C(bLDM(a*)il,a*). Note that if C(a*,bLDM(a*)71)<ﬂ,, then the class
indicated by the descending rule is at most Cjow,, ;. Hence
c(a*, bLDM(a*)il) > A is required. Further, even if this condition is
satisfied, a* can be assigned to Cppu., ; if c(a@* bypu ) <
(b gy 1, a*). Hence (@, byowg)) = c(byom ey 1, ") is required.
® The ascending rule: c(bjow., q.0%) < A and c(a*, bypwge) >
C(byomge, 1, @*). Note that if c(bjpm., 1,a*) = 4, then the class
indicated by the ascending rule is at most Cyouge, 4. Hence
(bypu g, 1, @*) = A is required. Further, even if this condition is
satisfied, a* can be assigned to Cpom . ; if c(a@* byow ) <
c(byom ey _ 1. a*). Hence c(@*, byowge)) > c(byom4e, 4, a*) is required.
Analysis of Tables 2 and 3 indicates that if a* is not incompar-
able to b;pu 4., the following conditions are sufficient to prevent a*
from being assigned to a class Cjou g, _; Or worse:

[c(@*, byom gy 1) = A1 and [c(bppu 4.y 4, a*) < A] and [c(@*, bjom g))

> C(bLDM(a*)_],a*)]. (B.1)

If a* is incomparable to by, (i€, [A> (@, byom )] and
4> c(bypm ey, a¥)] ), the following conditions need to be satisfied:

[c(a*, byomge,_1) = 4] and [c(byom ey 1, 0%) <Al and [c(a*, byow )

> c(byouge,_ 1. @), (B.2)
Combining (B.1) and (B.2) leads to
[c(a*, byowgs,_1) = ] and [c(byou gy 1. 0%) < A] and {lc(a*, byowgs))
@-1-0)]
or {[c(a*, bLDM(aﬁ) > C(bLDM(a*) 0]
and [4 > c(a*, byomgx)] and [A > c(byomge), A}, (B.3)

> C(bLDM

which is equivalent to (8).

Constraint set EL(a*, L™ (a*)) corresponds to the set of condition
(8). Note that if v;=0, then c(a*,bLDM(a*)) > c(bLDM(a*)fl,a*) and
constraint set (EL4,_s) is always satisfied, which is equivalent to
its elimination. Otherwise, if v;=1, and the following conditions
hold:

{[c(a*, bLDM(a*)) > C(bLDM(a*)i],a*)] and [A > c(a*, bLDM(a*))] and
[ﬂ' > C(bLDM(u*)’ a*)]}a

in which case (EL3) is eliminated.

B.2. Proof of correctness of the inference procedure for the best
desired class

The following conditions prevent a* from being assigned to a

class Cpowg,, ¢ OF better:

® The descending rule: c(a*, bgowge ) <4 and c(bgow g, @¥) >
.C(a*.,bRDM(a*)+1). Note that.if c(a*,bgum(a*)“) > ], then the class
indicated by the descending rule is at least Cpou ., ;. Hence
(@, brow g, +1) <4 is required. Further, even if this condition
is satisfied, a* can be assigned to Cromtgey 1 if C(bRDM(a*),a*)§

& & &
c(a ,pRDM(H*)+1). Hence  c(bgowge), @) > (@, bgow gy 1) IS
required.
. . % £
® The ascending rule: c(bgow ., 1,0*)=4 and c(bgom ), a*) =

(@, bgowge, 1) Note that if c(bgow ), 1,0) <4, then the class
indicated by the ascending rule is at least Cpow,,,,. Hence
C(bgovge 1 1,@*) = A is required. Further, even if this condition is
satisfied, a* can be assigned to CRDM(H*)+1 if C(bRD'M(a*), a*.) < c(a*,
bgou gy 1 1)- Hence c(bgow gy, a*) = c(@*, brow g, , 1) is required.
Analysis of Tables 2 and 3 indicates that if a* is comparable to
bgow g, the following conditions are sufficient to prevent a* from

being assigned to a class Cpow ., OF better:
[C(bRDM(a*)+l,a*) > A] and [c(a*, bgom e 1) <Al and [c(bRDM(a*),a*)
> c(a*, bRDM(a*)+1)]. (B4)

If a* is incomparable to bpow ., (i€, [4>c(@*, bgowmy.,)] and

[A> C(bgom ey @*)]), the following conditions need to be satisfied:
[C(bgom e 4 1-@*) = A] and [€(a®, bgow 4y 1) < A] and [C(bgow g, @)

> C(a*, bRDM(a*)+l)]. (B.5)
Combining (B.4) and (B.5) leads to
[C(bgomgey 1, a%) = A] and [c(a®, bgowg.) 1) < A] and {[c(bgomg.), a¥)

> c(a*, bRDM(a*)+])]

or {[C(bgom gu @*) = €(a*, Dpom 4oy 1)]

and [A > c(a*, bRDM(a*))] and [A > c(bRDM(a*), a"li}, (B.6)

which is equivalent to (9).
Constraint set EU(a*, R°(a*)) corresponds to the set of (9). The
explanation is analogous to the one of EL(a*, L°™(a*)) in Appendix B.1.
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Appendix C. Inconsistency analysis

If there is no instance of the outranking model compatible with
the preference information, i.e. E(A®) is infeasible or &* < 0, the DM
is asked to revise her preference information. In order to identify
reasons of incompatibility, let us associate with each assignment
example a*—[Cypu ), Cpomgs)] @ New binary variable vg-. Using
this binary variable, we rewrite the set of constraints E(a*—

[Crom sy Cromign]) S follows:
(EL1) M - vas +c(a*, byow gy 1) = 4,
(EL2) —M - vas +c(byom ey ¢, 0")+E < A,

E(ﬂ*—>[CLDMm*); CRDM(H*)]),
(EU43) M- Vo +-M - (1 =VR)+4 = c(bgou ey, @) +€,
(ELU5)Y vgr, Vi, Vg € {0, 1}.

If vg« = 1, then the corresponding constraint set is satisfied with all
parameter values, which is equivalent to its elimination. Identify-
ing a minimal subset of conflicting exemplary assignments can be
performed by solving the following MILP problem:

Min: Y vg, (€1
a* e AR

s.t.:

E(BASE),

Ry/
E(a* = [Cyomgoy» Crowen))) for all a* e A%, ( EAD

The optimal solution of the above problem indicates the subset of
smallest cardinality that is the cause of incompatibility. The other
subsets can be obtained following the general scheme for dealing
with incompatibility as presented in [44].

Appendix D. Proof of correctness of the inference procedures
from Section 4.4

D.1. Proof of correctness of the inference procedure for the possible
assignment

If any binary variable v involved in the formulation of ENL(a, h)
is 1, then the corresponding condition holds. If v=0, the respective
constraint is always satisfied, and thus eliminated. (LP7) guaran-
tees that either (LP1) or (LP2) or (LP3) is instantiated with 1. This
ensures that one of the following conditions is satisfied:

c(a,bp) <A or c(by,a) > A or c(by,a) > c(a, by 4 1).

If c(bp, a) > c(a, by, 1) was satisfied (i.e., v;3 = 1), then (LP8) ensures
that either (LP4) or (LP5) or (LP6) is instantiated with 1, i.e. one of
the following constraints holds:

c(bp,a) > c(a,by 1) or c(a,b, 1) =4 or c(byq,a) = A.

Constraint set ENL(a, h) ensures that the set of conditions ensuring
that C,,; is the worst class to which an alternative aeA is
assigned to, is not satisfied. Thus, —(L5(a)>h+1)= [5a)<h.
Analogously, the constraint set (UP1—9) guarantees that C,_; is
not the best class which an alternative a € A is assigned to. Thus,
—~(RS(@)<h-1)= R%(a) > h.

The constraint set E(A®) defines the set of outranking models S
compatible with the DM's preference information. Hence
E(a—"Cp) has the necessary constraints for assigning a to the
range of classes [Cjs,. Cps,)l, such that L’(a) <h<Ra), for a
compatible outranking model SeS. If E(a—"Cy) is feasible and
&*=max € s.t. E(a—"Cp,) > 0, then there exists at least one com-
patible outranking model S € S assigning a to C,. Hence h e Cp(a).

D.2. Proof of correctness of the inference procedure for the necessary
assignment

To check whether a is assigned to a class at least as good as
Cp, ¢ for some SeS, we need to consider the set of constraints
E(a—"C. 7). Constraint set EL(a, h+1) guarantees that a will be
assigned to a class Cy . 1. Constraint set E(AR) defines the set of
outranking models S compatible with the DM's preference infor-
mation. Hence E(a—"C.p, ) has the necessary constraints for
assigning a to a class better than C, for a compatible outranking
model SeS. If E@—"C.,,q) is feasible and &*=maxe s.t.
E(@—P"C.p,.1)>0, then 3Se S assigning a to a class worse than
Ch. On the contrary, if E(a—"C.,,;) is infeasible or &*=
max ¢ s.t. E@a—"C. 1) <0, then all compatible outranking mod-
els S e S assign a to a class range whose lower bound is not better
than Cp.

To verify whether a is assigned to a class worse than C, for
some S e S, we need to consider set of constraints E(@a—"C _,_1).
Constraint set EU(a, h— 1) guarantees that a will be assigned to a
class Cy . ,_1. Proceeding analogously to the procedure for ver-
ification if #Se S, such that [5(a)>h+1, we conclude that if
E(a—"C_j,_4) is infeasible or &*=maxe s.t. E@—-"C_,_1)<0,
then all compatible outranking models Se S assign a to a class
range whose upper bound is not worse than Cp.

If a is neither assigned to a class at least C,_; nor to a class at
most C,_; with any compatible outranking model S € S, then a is
assigned to Cp, by all Se S.

Appendix E. Proof of no class jumps-property for necessary
assignments of Electre Tri-C

Proof. By the definition of assignment procedures of Electre Tri-C,
each compatible outranking model S e S provides recommenda-
tion formed by the set of contiguous classes [L5(a), R°(a)], Va € A.
Now, if (scsl’(a).R(a)]=@=Cy(@)=g. Otherwise, if
Ns < s[L(a), R5(a)] # @, the contiguity of [L5(a),R%(a)], S € S, implies
that Cy(a) is formed by the set of contiguous classes, i.e.
Cn(a)=[Ln(a),Rn(@)]. ©

Appendix F. Proof of correctness of the reformulated Electre
Tri-C assignment rules

E1. Proof of correctness of the Electre Tri-C assignment rule
indicating the worst class

See proof of Theorem 1 on why a is not assigned to a class Cj, or
worse. The order of verification of the underlying conditions (from
the best profile to the worst one) implies that b, is the best profile
for which (15) is satisfied. Thus, G, j>h+1 is certainly not the
worst class a can be assigned to.

FE2. Proof of correctness of the Electre Tri-C assignment rule
indicating the best class

See proof of Theorem 2 on why a is not assigned to a class Cj, or
better. The order of verification of the underlying conditions (from
the worst profile to the best one) implies that by, is the best profile
for which (16) is satisfied. Thus, C;, j < h—1 is certainly not the best
class a can be assigned to.
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Appendix G. Proof of no class jumps-property for possible
assignments of Electre Tri-rC

Proof. Proceed by induction on &"; the base case is 5" =2. For
S'eS, a is assigned to class at most C, iff b, {>a (ie,
n(bp,1,a,5) >0 and n(a, by .1,S) <0) and c(by,a) > c(a, b, 1) (see
(18)). For S” € S, a is assigned to class at least C, ., iffa > b, ¢ (i.e.,
n(a,bp1,5S) >0 and n(by,1,a,S")<0) and c(a, by,>) > c(by,1,0)
(see (17)). Now, a is assigned to Cp,; if —(a>by,q) and
—(bn, 1 > a) or some other conditions are satisfied (see constraint
set E'(a—"Cp)). —(a> by, 1) and —(b,, 1 > a) implies a~ b, ,; or
aRby,, 1. Since S is convex, all $* such that

n(a, by 1,5 =an(a,by,1,8)+A—oma, by 1,5"),
N(by11,0,5%) = pnbyi1,a,.5)+(1 —Pnby1.a,5"),

for a,f€[0,1], are contained in S. Given that #(a, by ,S) and
n(by,1,a,S) are continuous functions that change sign from S’ to
S”, there must exist S* e S, such that at the same time either
n@a,bp,1,5 >0 and n(by,1,a,5)>0 or n(a,b,,1,5)<0 and
n(by,1,a,5%) < 0. In the previous case, a~ by, 1; in the latter case,
aRby 1. These conditions are sufficient for assigning a to class
Cp41- This concludes the proof for 5h = 2. The induction assump-
tion is that the Theorem holds for 5" = A > 2. Now, to prove that
tl}ze Theorem holds for &"=A+1, proceed analogously to
6 =2. O

Appendix H. Inferring additional parameters of the
outranking model from assignments examples

In this section, we consider a variant of the outranking model
assuming that the indifference q; and preference p; thresholds
need to be equal, so there is no ambiguity zone. Thus, in what
follows, we will refer only to the preference threshold p;. In order
to construct an outranking model, the DM may provide constraints
(or, in particular, precise values) concerning characteristic profiles
bn, h=1,....t, and preference thresholds p;, j=1,...,n. Additionally,
she may define constraints on the weights wj, j=1,...,n, and on
the majority threshold A.

The binary variables y;(x,y), j=1,....n, represent the partial
concordance indices such that y;(x,y) =1 if the performance of
alternative x on g; is not worse than the performance of the
characteristic profile y by more than the preference threshold p;.
The continuous variables c;(x,y) represent the weighted partial
concordance indices such that cjx,y)=w; if y;x,y)=1, and
cj(x,y) =0, otherwise. Consequently, the base model is defined
with the following set of constraints:

n

ZCJ(bh,b]1+1)+8</1 h=1,. -1,
ich

05<4<1.0,

forj=1,...,n,

O<w;j<1,

gi(bp_1)<g(bp), h=1,..,t+1,
yix,y)=1/M -[(gi(X)—giy)+p;)+el
yixy) <1/M-[gi(x) —gy)+pl+1,
0 < p; < gj(br + 1) —gj(bo),

G(x,y) <wj,

Cj(x,y) =0,

Ci(x.¥) <y;(x.y),

Cxy) 2 y(x.y)+w;—1,

wix,y) 10,1},

E(BASE)

where M is an arbitrary positive large value ensuring that
-1<1/M-[gx)—g)+p]<1 and & is an arbitrary small
positive value.

Appendix I. Inferring veto thresholds from assignment
examples

The approach presented in this paper remains valid for the
original definition of credibility in the Electre Tri-B method [12].
However, the use of such a model in the context of indirect
preference information is limited by the weak efficiency of non-
linear mixed integer programming solvers. Nevertheless, we can
reformulate the inference procedures discussed so that the cred-
ibility degree is defined as in Section 2. For the sake of brevity, let
us present only the equivalent form of EL(a* LM (a*)) (the other
constraint sets are reformulated similarly):

(EL1Y) c(a*, byow g,
(EL1Y) gi(byom gny_ 1) —8i(@*)+e<v;, j=1,...n,
(EL2Y) C(byomgay 1,0+ < A+Mo(bpowge, 1,0,
(EL23) gj(byom g 1) —&(@*) = Vj— SMj(byow gu, 1, 0*),

D=4

n
(EL23) ZOMj(bLDM(a*)f La<n,
1=

(EL2}) My(byow s _1.a*) €{0.1}, j=0,....n,

(EL31)M vy +c(a*, LDM(G*))>C(bLDM 1,a*)+E—M1,

(@) —

(EL3Y) gj(byom ) —gi(@)+e<v;, j=1,...m,
n
(EL3Y) 3 Mj(byowge_1.0%) < N—1+Ms.
j=1

(EL3)) M1+ M, <1,

(ELAY)) M - (1 = Vi) +¢(@*, byou gu)) = C(byow gy _1.@*)— M3,
(ELAY,) 8j(byou ) — &(@*)+£ < Vj+6Ms, j=1,....n,
(EL4Y3) My+Ms <1,

(EL451) M - (1=v)+A = c(@*, byow guy)+ € — Mo(a@*, byow s,
(EL4Y,) gj(bLDMm*)) —gj(a*) = vj— SMj(a*, bow ).

EL(a*, LPM(a*)),

(EL423) Z Mj(a*, bLDM )y<n,
=0

(a*)
(EL4Y,) Mj(a*, byowge) € (0.1}, j=0....n,
(ELAY) M- (1=v)+4 = c(byow o).
(ELAY,) g/(a*)— g(byom ) = Vi — SM(byom g 0*).

a*)+£—M0(bLnM(a*), a*),

@y aH=n,

v n
(EL4Y;) zOMj(bLDM
iz

(EL4,) Mj(byom ey, a*) € {0, 1}, j=0.....n,
(EL5") v, M1, M3, M5 € {0, 1},

where § is an arbitrary positive large value.

In the original formulation the constraint (EL1) guaranteed that
the concordance test for an ordered pair (a*, bypu ., _,) is positive.
After reformulation, (EL1Y) ensures that both concordance and
non-discordance tests are positive, which means that concordance
index c(a*,byom,, ) is required to be >4, and that a* is not
significantly worse than bjpw., ; on any criterion. On the other
hand, the original constraint (EL2) guaranteed that the concor-
dance test for an ordered pair (bjow ., _;,a*) is negative. Instead,
constraint set (EL2") ensures that either concordance index
(byom gy 1, a*) is required to be less than a majority threshold A,
or there is at least one criterion g; for which a* is evaluated better
than bLDM(a*)7] by more than a veto threshold v;. Other constraints
are reformulated similarly.
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